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Abstract— A complex permittivity profile reconstruction for
multilayered objects was presented in this study by incorpo-
rating compressed sensing (CS)-based thickness estimation with
contrast source inversion (CSI) non-linear inverse scattering (IS)
method using a terahertz (THz) frequency band. Several studies
investigated permittivity estimation for multiple layers. However,
they require a prior knowledge of the thickness of each layer.
Moreover, a critical problem in this field is the simultaneous
estimation of both the dielectric constant and the thickness
of each layer. To address this, a super-resolution thickness
estimator using a CS filter and the CSI-based dielectric profile
reconstruction scheme was used. This problem was effectively
solved by introducing the cost function estimated using the CSI
scheme, where the number of layers is given. The finite-difference
time-domain (FDTD) numerical test indicated that the proposed
method provides an accurate estimation of the thickness and
dielectric profile in double-layered objects.

Index Terms— Compressed sensing (CS), contrast source inver-
sion (CSI), multilayer structure analysis, terahertz time-domain
spectroscopic (THz-TDS) system.

I. INTRODUCTION

TERAHERTZ (THz)-wave imagers have several advan-
tages, such as a spatial resolution higher than that of

millimeter-wave imagers and penetration depth deeper than
that obtained by infrared or optical band sensing. Thus,
THz-wave imagers are promising candidates for several appli-
cations, such as chemical compound analysis [1], subsurface
or security screening imaging, [2]–[4] or biological or medical
diagnosis [5]. Typically, in a general subsurface imaging sce-
nario, a transmissive response from an object is not possible,
and hence, a typical THz imager, such as THz time-domain
spectrometer, provides spatial profiles of reflection coefficients
using reflection responses [6]. However, these approaches
cannot provide a quantitative value of complex permittivity.
Quantitatively determining complex permittivity allows the
identification of materials and their chemical compound analy-
sis. Several studies proposed a time-of-flight (TOF)-based
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permittivity estimation approach [7], assuming a multiple
layered object. However, this method requires a prior knowl-
edge of the thickness of each layer, which is not typically
available in most scenarios such as security screening or non-
destructive inspection. Other studies focused on the thickness
estimation for multilayered objects [8], [9]. However, this
method requires a prior knowledge of the relative permittivity
of each layer.

Inverse scattering (IS) analysis is one of the promising
approaches for the simultaneous estimation of thickness and
complex permittivity. It has been intensively developed and
used in microwave or millimeter-wave imaging applications.
In particular, 1-D nonlinear IS has been applied to the 2-D or
3-D multilayered object analysis [10]–[12]. However, in such
analyses, mostly a planar incident wave is assumed; this
assumption is invalid for the short-range observation model,
namely, when the sources and objects are closely located.
Then, assuming a typical THz band multilayer analysis, the
2-D or 3-D IS analysis should be considered. However, this
is known to be a non-linear and ill-posed inverse problem.
A linear-approximation scheme, such as Born approximation,
could not offer sufficient accuracy, especially for an object
with a high contrast to the background medium. To over-
come this problem, numerous IS analysis methods such as
distorted Born iterative method (DBIM) [13], contrast source
extended Born (CSEB) [14], or contrast source inversion (CSI)
[15], [16] are used. Among them, CSI is a highly accurate
and low complex method. In CSI, the iterative use of forward
solvers, such as finite-difference time-domain (FDTD) method,
which require massive computational cost, can be avoided.
Nonetheless, the reconstruction profile largely depends on a
balance between the number of data samples and that of
unknowns or on the selection of the initial estimate of a
dielectric profile.

Therefore, this study exploits a prior assumption that each
layer of an object has a homogeneous medium to reduce the
necessary number of unknowns. Furthermore, to simultane-
ously provide a thickness of each layer, the method used
here incorporates the TOF estimation results provided by a
CS filter [17], which has been demonstrated as one of the
super-resolution TOF estimators beyond a theoretical depth
resolution [9], [18]. Finally, this method introduces a full
search for the dielectric constant estimation in each layer using
the residual of the cost function obtained by a CSI process,
in which the thickness of each layer is determined by TOF
estimation based on the assumed dielectric constant. Note that
while our previous work [19] has introduced a homogeneous
assumption-based CSI described above, the study in [19]
assumes that the thickness is given as a prior knowledge,
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Fig. 1. Mono-static observation model and multilayered object.

which is not given in this study. A numerical test using a
2-D-FDTD forward solver indicated that the proposed method
enables the estimation of both the thickness and the dielectric
constant in each layer at a lower computational cost.

II. METHOD

A. Observation Model
Fig. 1 shows the observation geometry used here. It includes

a set of transmitters and receivers, in which a multiple layered
object with a planar structure is located in front of an array.
A set of transmitters and receivers at the same position was
scanned along x , i.e., a mono-static observation was assumed,
the area of which is defined as �S . ET (ω; r t , rr ) is the total
electric field in case of a transmitting source located at r t

that induces the electromagnetic wave penetrating the objects.
The background medium was assumed to be air, and each
layer of the object was assumed to have a homogeneous
complex permittivity profile. The scattered response of the
electromagnetic wave is recorded by a receiver located at rr of
the angular frequency ω as: E S(ω; r t , rr ) ≡ ET (ω; r t , rr ) −
E I (ω; r t , rr ), where E I (ω; r t , rr ) is the incident electric
fields, which is observed in the case with no object. di and �i

are the thickness and complex permittivity of the i th layer of
object, respectively, which are not given.

B. Thickness Estimation: CS

The thickness estimation method is based on the CS algo-
rithm. The CS-based TOF estimation demonstrated a consider-
ably higher resolution than the TOF theoretical resolution [9].
In a typical THz imaging model, assuming a multilayer object,
an original TOF profile has a sparse distribution in the time
domain, and a sparse regularization scheme is effective in most
cases. Here, the reflection response denoted y(t; r t , rr ) is the
inverse Fourier transform of E S(ω; r t , rr ) and is given by the
convolutional model as

y(t; r t , rr ) =
N�

i=1

Ai sref (t) ∗ δ(t − τi) + n(t) (1)

where sref (t) is a reference signal (mostly a transmitted signal)
and N is the number of layers. Notably, multiple reflections

between the layers are not considered in this model. The
strength of such reflections will be negligible compared with
that of direct reflections in the case of low dielectric contrast
and lossy media. Ai and τi are the amplitude and time delay of
the i th layer reflection, respectively. Thus, the discrete model
of 1 can be represented as

y = Ax + n (2)

where y and x are the discrete forms of y(t) and x(t),
respectively. n denotes an additive white noise. x(t) is the
original TOF profile that can be converted into the thickness
of each layer based on its relative permittivity. A is called
an observation matrix, which is determined by a time-shifted
profile of a reference signals as shown in (3) in the bottom
of the page, where K is the number of data length of the
reference signal sref (t). The original profile x was assumed
to have a sparse distribution similar to that of (1), and hence,
the optimal TOF profile x̂ is given by the l1 norm-regularized
optimization

x̂ = arg min
x

�|| y − Ax||22 + λ||x||1
�

(4)

where λ is a regularization coefficient and || ∗ ||m is the lm

norm. If the number of layers is given, we could extract the
TOF value of τi , corresponding to the i th layer.

C. Permittivity Estimation: CSI

This study introduces the CSI-based permittivity estimation
for each layer. In this section, the methodology of CSI is
briefly described. Let �D be the ROI, including the objects.
The scattered field E S(ω; r t , rr ) is formed by the following
Helmholtz-type domain integral equation (DIE):

E S(ω; r t , rr ) = (k B)2
�

D
G B(ω; r r, r)w(ω; r t , r)d r (5)

where k B is the wavenumber of the background medium and
G B(ω; rr , r) is Green’s function of the background medium.
w(ω; r t , r) ≡ ET (ω; r t , rr )χ(ω; r) is called the contrast
source defined by χ(ω; r) ≡ �(ω; r)/�B(ω; r) − 1, where
�(ω; r) and �B(ω; r) are the complex permittivity with and
without an object at the angular frequency ω, respectively.
The CSI focuses on the principle that (5) should be satisfied
for the regions corresponding not only to r ∈ �S (the data
equation) but also to r ∈ �D (the state equation).

Thus, instead of numerically calculating ET (ω; r t , rr ) in
the ROI, the CSI simultaneously optimizes the object function
χ and ET via the contrast source variable w as follows:

F(χ,w)

≡
�

rt
�E S(ω; r t , rr ) − GS[w]�2

�S�
j �E S(ω; r t , rr )�2

�S

+
�

rt
�χ(r)E I (ω; r t , r �) − w(ω; r t , r) + χ(r)GD[w]�2

�D�
rt

�χ(ω; r)E I (ω; r t , r �)�2
�D

.

(6)

A ≡

⎛
⎜⎜⎜⎝

sref (K ), sref (K − 1), . . . , sref (0), 0, 0, . . . , 0
0, sref(K ), . . . , sref(1), sref (0), 0, . . . , 0

. . .

0, 0, . . . , 0, sref (K ), sref (K − 1), . . . , sref(0)

⎞
⎟⎟⎟⎠ (3)
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Here, the following notations are defined as

GS[w] = (k B)2
�

�D

G B(ω; rr , r)w(ω; r t , r)d r, (r ∈ �D)

(7)

GD[w] = (k B)2
�

�D

G B(ω; r �, r)w(ω; r t , r)d r, (r � ∈ �D)

(8)

where � · �2
�S

and � · �2
�D

are l2 norms defined in the area
of �S and �D , respectively. The three valuables, w(r t , r),
ET (ω; r t , rr ), and χ(ω; r) are sequentially updated to min-
imize the cost function in (6) [15]. Namely, the total field
ET (ω; r t , rr ) is automatically determined, and hence, there
is no need for an iterative use of computationally expensive
forward solver, such as FDTD.

D. Proposed Method

The CSI method provides a quantitative estimate of complex
permittivity. However, it is inaccurate when the number of
unknowns is larger than that of data samples, which would
have occurred in the scenario assumed in this study, Fig. 1.
This study then introduces a reduction scheme of the number
of unknowns, assuming that each layer has a homogeneous
medium with the same complex permittivity, which is defined
as the unknown set: χ ≡ (χ1, . . . , χn, . . . , χN ), where χn is
the contrast function of the nth layer. Thus, the estimation
problem for the permittivity of each layer is given by

χ̂ = arg min
χ

N�
n=1

F(χn, wn; �D,i ) (9)

wn is the contrast source, which is optimized in the CSI
scheme using an initial set of χ . F(χn, wn; �D,i ) is the cost
function, when the integral area of �D is updated to be �D,i .
Note that (6) includes the interactions between multiple layers,
because a cost function F(χn, wn; �D,i ) defined in each layer
is calculated by considering the interactions with other layers,
that is, the contrast source w(r t , r) in each layer must be
affected by those in the other layers. Here, the ROI for the
i th layer, which is denoted as �D,i , is determined by each
thickness of the i th layer, which is calculated as

d̂i = cairτi/
√�[�i ] (10)

where cair is the propagation speed in air, and τi is the TOF
determined by the CS filtering process given in (4). Note that
only the variable wn is updated in each CSI process with a
fixed χn to calculate a residual of the cost function F(χn, wn),
assuming an initial set of χ .

The actual procedure of the proposed method is summarized
as follows:

Step 1: Reflection response denoted y(t; r t , rr ) is processed
using the CS filter as shown in (4) and a TOF
response τi is obtained for each layer based on the
local peaks of the reconstruction response of x̂.

Step 2: Using a variable set in a contrast function as
χ ≡ (χ1, . . . , χn, . . . , χN ), the ROI domain �D,i

is calculated using the thickness of each layer d̂i

obtained from (10).

Fig. 2. Simulation model. Color denotes a real part of complex permittivity.
White solid circles are sampling points of the observation.

Fig. 3. Example of the CS filter response. The horizontal axis denotes the
optical distance.

Step 3: Cost function given in (9) is calculated using χ

and �D,i .
Step 4: χ is updated until the convergence criteria are

satisfied.
The thickness of each layer d̂i is not updated in the CSI itera-
tion sequence but is used by a prior estimation of the ROI with
the given relative permittivity �i . If the assumed permittivity
set in χ is different from the original profile, the thickness
of each layer, that is, its ROI, would also be far from the
actual one, which causes an insufficient convergence of the
cost function in CSI. Thus, this method could simultaneously
estimate both the thickness and permittivity of each layer,
by exploiting the features of the CSI process.

III. NUMERICAL TEST

A. Numerical Setting
A 2-D FDTD-based numerical simulation was conducted

for each method. Fig. 2 shows the numerical model assumed
in this section. A cell size of 20 μm was set for FDTD
and CSI. A set of a transmitter and receiver was scanned
along the x-axis using equal spacing as 0.16 mm at y = 0,
namely, 33 samples were scanned. Two-layered homoge-
neous objects are surrounded by air. The width (along the
x-axis) and thickness (along the y-axis) of the object are
6.0 and 0.06 mm, respectively. Each complex permittivity was
set to (�[�1],�[�2]) = (12.58 + 1.31 j, 8.42 + 0.57 j) for the
first and second layers, respectively, at 0.20 THz. Namely,
the theoretical range resolutions in air is 0.75 mm. A TM-mode
wave was assumed, and a Gaussian modulated pulse (center
frequency = 0.24 THz and bandwidth = 0.27 THz) was used
as the source current waveform. The CSI was conducted using
a maximum iteration number of 20 000, using only single-
frequency data of 0.20 THz. If the inversion cell size, including
the objects of the two layers, was set to 20 μm, the number
of unknowns becomes 1800 (6 × 300), while that of the data
samples is 33, i.e., a much ill-conditioned model was assumed.
For simplicity, the conductivity of each layer was given in all
methods.

B. TOF Estimation Results
At first, the TOF estimation by CS filtering in (4) is

investigated. Fig. 3 shows the CS responses, namely, x̂ in (4),

Authorized licensed use limited to: UNIVERSITY OF ELECTRO COMMUNICATIONS. Downloaded on October 18,2023 at 01:22:36 UTC from IEEE Xplore.  Restrictions apply. 



8018005 IEEE GEOSCIENCE AND REMOTE SENSING LETTERS, VOL. 19, 2022

TABLE I

TOF ESTIMATION RESULTS BY THE CS FILTER

Fig. 4. Reconstruction results by each method. Color scale denotes the real
part of complex permittivity. (a) True profile. (b) Original CSI. (c) Proposed
CSI (thickness: given). (d) Proposed CSI (thickness: not given).

where λ is empirically adjusted to 2.0 × 10−5. As indicated
in the figure, three distinguished peaks were observed within
a 2-mm range. The first, second, and third peaks correspond
to the surface reflections from the first layer, the inter-
face between the first and second layers, and the backside
of the second layer, respectively. Multiple reflections were
received at a later time, which could not be recognized in
this figure. The thickness of each layer, i.e., ROI, in the
CSI scheme, which depends on the permittivity value selected
from χ , can be determined based on these three TOF val-
ues. Table I presents a comparison between the original and
estimated TOF profiles for this case. It demonstrated that the
CS filter provides a considerably accurate and super-resolution
TOF estimation even in a very thin-layer model (the theoretical
optical range resolution is 0.75 mm), in which the error is
within a cell size (0.02 mm) of the FDTD or CSI calculation.
Notably, we confirmed that if the TOF is exactly on the dis-
cretization cell, its CS response perfectly reconstructs the true
TOF profile, indicating that this problem almost satisfies the
perfect recovery condition. In this case, although the true TOFs
are not exactly on the discretization cell, the reconstruction
results are slightly spread into the neighboring cell, as shown
in Fig. 3.

Fig. 5. Residual of cost function in the CSI for each combination of (�1, �2).
Red solid circles and white X denote the original and optimized combination
of (�1, �2), respectively. Color denotes the cost function of the CSI as F(χ,w)
in log scale. (a) Proposed CSI (thickness: given). (b) Proposed CSI (thickness:
not given).

C. Permittivity and Thickness Estimation Results

Next, permittivity and thickness analyses were conducted.
Fig. 4(b) shows the reconstruction results obtained by the orig-
inal CSI, in which an initial estimate is given by the
background medium (vacuum). These results show that the
permittivity reconstruction by the original CSI is significantly
inaccurate due to the ill-conditioned model that has a con-
siderably large number of unknowns (1800). In the method
proposed here, the search ranges of relative permittivity of
the first and second layers were 5.5 ≤ �1 ≤ 16.5 and
1.5 ≤ �2 ≤ 12.5, respectively. A full search (with the
sampling interval for �[�1] and �[�2], 	� = 1) was applied.
Thus, 144 combinations were assessed to determine the set of
(�[�1],�[�2]). The ROI of each layer �D,i in (9) is determined
using �[�i ] and d̂i . Fig. 5 shows the residual of the cost
function determined in (9) when the thickness of each layer
was given or not given. As shown in Fig. 5(a), when the
thickness was known, there was only one local minimum,
which is also a global minimum, close to the actual per-
mittivity combination (�[�1],�[�2]) = (12.5, 8.5). When the
thickness was not given but estimated by the CS-based TOA
estimator, there was a minimum point close to the actual one
(�[�1],�[�2]), which demonstrates that the proposed method
could simultaneously estimate both the thickness and permit-
tivity with high accuracy. Fig. 4(c) and (d) shows the results
obtained by the proposed method when the thickness was
given or not given and verified that the proposed method offers
accurate dielectric profile even in a considerably ill-posed
situation. Table II shows the root mean square errors (RMSEs)
of the reconstruction results, necessary computational costs,
and thickness estimation obtained by each method, using an
Intel(R) Xeon(R) Gold 6130 central processing unit (CPU),
a 2.10-GHz processor, and a 704-GB random access memory
(RAM). Quantitative error analysis was conducted based on
the RMSE of the real complex permittivity

RMSE�[�] =

��� 1

K

K�
k=1

|�[�true(rk)] − �[�̂(rk)]|2 (11)

where �[�true](rk) and ˆ�[�](rk) are the real parts of the
complex permittivity of the true and estimated values, respec-
tively. K is the total number of cells in ROI. The results
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TABLE II

COMPARISON OF RMSES, CALCULATION TIMES, AND THICKNESS OBTAINED BY EACH METHOD

in Table II prove that while the proposed method requires
a slightly larger computational cost, the reconstruction accu-
racy is considerably improved, compared with that of the
original CSI. Furthermore, as shown in Table II, the pro-
posed method offers an accurate thickness estimation in each
layer. These results demonstrated that the proposed method
gives an accurate relative permittivity profile, without a prior
knowledge of the thickness of each layer. Although (10)
does not consider the imaginary parts of the complex permit-
tivity, the relative difference between the cases considering
and not considering the imaginary parts is 0.43% for d1

and 0.057% for d2. These differences are almost negligible.
Furthermore, this study assumes that the actual conductivity
of each layer is given in the estimation. However, we demon-
strated that these conductivities do not affect the estimation
performance of the relative permittivity and thickness. It is
considered that the CSI’s cost function is much more sen-
sitive to an error in �[�], than to that in 	[�], because the
TOF estimation errors (affected by �[�]) will be dominant
over the signal strength variation (affected by 	[�]) in this
case.

IV. CONCLUSION

This study introduced a hybrid algorithm using a CS filter-
based thickness estimation and CSI-based relative permittiv-
ity reconstruction for multilayered objects using THz-band
analysis. This method offers an accurate estimation for
both the thickness and relative permittivity of multilayered
objects, which was not previously achieved by any other
approach. In addition, combination searches for relative per-
mittivities were conducted to avoid a local minimum problem,
and each thickness, i.e., the ROI of objects, was simulta-
neously determined using a minimization problem of the
CSI cost function. CSI requires a significant computational
time compared with other TOF-based estimation approaches.
However, it could determine the dielectric profile, including a
multiple scattering phenomenon among the layers, of which
the component was considered in the DIE of (5). This numer-
ical test to assess the systematic error in each method has no
noise. However, the effectiveness of the CS filter or CSI in a
noisy scenario was demonstrated in [9] and [9] or [15]. The
experimental validation of this method is included in our future
scope. Notably, thickness estimation based on (10) assumes
the monostatic observation model, in which the incident angle
should be zero; this model should be extended to include
arbitrary incident angles to deal with a multistatic observation
model.
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