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Microwave Imaging Algorithm Based on Waveform
Reconstruction for Microwave Ablation Treatment
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Abstract— Microwave ablation (MWA), intended for treating
malignant tissues, must be monitored in real time for effective
treatment and patient safety. In this article, we propose an
imaging algorithm that corrects for errors that typically arise
at the boundary of an ablation image when the tissue’s dielectric
properties are a little affected by ablation. Conventional imaging
algorithms exploit the difference in the propagation time of
signals through nonablated and ablated tissues in order to
monitor the dimensions of an ablation in real time, but this
time difference does not account for the drop in conductivity
that occurs as the tissue dries out, causing nonnegligible errors,
particular in lower ablation impact case. In order to address this
problem, the method that we propose incorporates waveform
reconstruction in accounting for the change in conductivity.
We test this method with 2-D and 3-D numerical simulations of
microwave signals propagating in two computational phantoms of
breast tissue with different densities. Simulations with differently
affected tissues show that the proposed method improves upon
the accuracy of conventional MWA monitoring techniques, with
an acceptable increase in the computation time.

Index Terms— Microwave ablation (MWA), microwave-based
ablation dimension monitoring, time difference of arrival
(TDOA), waveform reconstruction.

I. INTRODUCTION

M ICROWAVE ablation (MWA) is one of the most
promising tools considering a minimally invasive can-

cer treatment. Microwave-frequency radiation heats up cells
more quickly than lower radio frequency radiation can [1].
Several studies have demonstrated that MWA is an effective
clinical tool for treating liver tumors [2]. It can also be
applied in the treatment of other types of cancer, such as
kidney or breast tumors. MWA treatment for breast tumors
can significantly reduce the physical and mental burdens on
patients by eliminating the need for the large-scale removal
of breast tissue. For a safe and effective ablation of malignant
tumors without damaging healthy tissues, MWA needs to be
implemented alongside appropriate imaging modality tools.
For such imaging needs, magnetic resonance imaging (MRI)
and ultrasound-based methods have been developed and tested.
However, MRI requires large-scale and expensive equipment,
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as well as consideration of the effect of heating contrast
agents [3]. Ultrasound imaging equipment is less expensive
and more compact than the equipment for MRI, but the
microbubbles caused by ablation can contaminate the contrast
image [4].

Microwave-based imaging is a promising alternative in
terms of cost, compactness, and compatibility with MWA
equipment. However, the dielectric properties of tissues at
microwave frequencies are sensitive to the temperature and the
physiological state of the tissue [5]. Similarly, ablated tissues
exhibit a large drop in complex permittivity for microwave
radiation [6]. Based on these features, the dimensions of the
ablated tissue can be monitored by measuring the forward-
scattered components received at an external antenna from an
interstitial MWA source and by processing this signal with an
appropriate algorithm. MWA in the liver tissue is monitored
with a range of tomographic algorithms, which are only
effective if the tissue is relatively homogeneous, as the liver
is [7] and [8]. However, these methods do not return images
in real time and cannot produce images with a heterogeneous
background, as we found in the breast. Moghaddam [9], [10]
and coworkers proposed an inverse scattering-based imaging
method exploiting time differential scattered data; however,
it was based on an iterative approach using a forward solver,
for example, the distorted Born iterative method. This means
that the imaging accuracy is largely dependent on the initial
guess of the dielectric map, and it requires the forward solver,
which is time consuming especially for the 3-D problem,
and needs to be given for accurate information of dielectric
property, including antennas and other fixtures.

As a promising approach achieving a real-time, accurate,
and noise-robust ablation zone imaging with much more
simple process, the time-difference-of-arrival- (TDOA)-based
imaging algorithm has been developed, which exploits the
TDOA of forward-scattered signals before treatment and at
a specific time during ablation [11]. This algorithm requires
minimal a priori knowledge: only an estimate of the rel-
ative permittivity of the tissue in the local treatment zone
before the ablation begins and an estimate of the change in
relative permittivity of that tissue due to ablation. 2-D and
3-D finite-difference-time-domain- (FDTD)-based tests have
shown that this method simultaneously accomplishes real-
time, noise-robust, accurate imaging of the ablation zone,
even when imaging highly heterogeneous breast tissues. How-
ever, this algorithm suffers from nonnegligible inaccuracies
for boundary extraction, especially if ablation has a rela-
tively low impact on the dielectric constant of the treated
tissue.
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Fig. 1. Data acquisition configuration. (a) Preablation (T = 0). (b) During
ablation (T > 0).

In order to address this problem at the boundaries of
TDOA-derived images, in this article, we introduce an imaging
method based on waveform reconstruction, which we have
recently proposed [12]. In this method, the forward-scattered
signal during ablation is reconstructed from a signal measured
before treatment. Using a simple forward propagation model,
the algorithm considers drops in both the real and the imagi-
nary parts of the tissue’s complex permittivity as the impact of
ablation. This method retains the most significant advantage of
the TDOA-based algorithm, in that it requires only estimates
of the average relative permittivity and conductivity of the
tissue near the MWA antenna before and during treatment,
which can be inferred from temperature monitoring using a
growing database of tissue measurements. Note that, since
the proposed method is based on simple propagation model,
it is especially useful in the early stage in the ablation
process, where a lower impact on dielectric property and
smaller size of ablation should be considered. The 2-D and
3-D FDTD-based investigations, including statistical analysis
of different simulated ablation treatments, demonstrate that
our proposed method delivers more accurate estimates of the
ablation zone than the previously reported TDOA algorithm
does.

II. OBSERVATION MODEL

Fig. 1 shows the data acquisition configuration of the MWA
monitoring strategy. The elapsed time of the ablation signal is
denoted by T . A single transmitter (shown as a hollow black
circle in Fig. 1) is inserted into the tumor, which would be
located within the fibroglandular tissue, and several receivers
are located around the breast (shown as solid black circles
in Fig. 1). The location of the source is defined as rA, and
the location of a representative receiver is defined as rC. The
received microwave signals before ablation (at T = 0) and
during ablation (at the nth temporal snapshot) are denoted by
s0(rC, t) and sn(rC, t), respectively. The variable t denotes the
signal-recording time.

III. ABLATION BOUNDARY ESTIMATION ALGORITHM

A. TDOA-Based Method

As a real-time, noise-robust, accurate monitoring algorithm
for the ablation zone, the TDOA-based algorithm has been

developed [11], which exploits the time difference of propa-
gation from the interstitial source to the receivers, caused by
the relative permittivity drop. This section briefly describes this
TDOA-based algorithm, for the sake of comparison with the
proposed method. It exploits the well-studied physical finding
that ablation leads to a decrease in the permittivity of tissues
near the MWA probe, mainly due to dehydration. The lower
relative permittivity of the ablation zone reduces the time delay
from the source to the receiver. This difference in the time
delay is exploited as follows. Let τ0 and τn be the times that
signals passing through preablated and during ablated tissues
arrive at location C, respectively. Each time of arrival can be
decomposed as follows:

τ0 = τAB
0 + τBC

0 (1)

τn = τAB
n + τBC

n (2)

where τAB and τBC denote the transit times from rA (source
location) to rB (ablation boundary point), and from rB to
rC (receiver location), respectively, as marked in Fig. 1. We
define εAB

n as the dielectric constant of the tissue inside the
ablation zone at the nth moment and εAB

0 as the dielectric
constant of preablated tissue. In addition, τBC

0 � τBC
n because

the dielectric properties of the tissue between B and C do not
change. The TDOA between preablated and during ablated
tissue cases can then be approximated as follows:

�τ ≡ τ0 − τn

� (1 − √
ξ)τAB

0 (3)

where ξ = εAB
n /εAB

0 . From (3), we can estimate the distance
from the source to a boundary point as follows:

RAB ≡ ||rA − rB|| � v0τ
AB
0

� v0
�τ

1 − √
ξ

(4)

where v0 denotes the propagation velocity in the preablated
medium. The ablation boundary point rB is then given by

rB = RABu + rA (5)

where u denotes a unit vector pointing from rA to rC. Note
that �τ can be estimated from the following cross correlation
calculation:

�τ = arg max
τ

[s0(rC, t) � sn(rC, t)] (τ ) (6)

where � denotes the cross correlation operator. If the number
of receivers is M , then M different boundary points rB can
be located. This method notably only requires two pieces of
information before imaging: 1) an estimate of the average
signal velocity in the medium surrounding the source before
the ablation begins and 2) an estimate of the ratio of the
preablated tissue’s dielectric constant to its ablated dielectric
constant. While a number of tests have demonstrated that
the above TDOA-based method is rapid enough for real-time
ablation monitoring and is robust against noise, this algorithm
does not consider the impact of the decrease in conductivity
that tissue experience as they dry out. In addition, some tests
have revealed that this method suffers from inaccuracies when
the lower ablation impact, that is, ξ is close to 1.
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B. Proposed Method

1) Imaging Principle: In order to address the inaccu-
racy in the lower impact of the ablation described in
Section III-A, in this article, we introduce a waveform
reconstruction-based imaging algorithm, where the frequency
dependence in the propagating medium is compensated for
by considering the conductivity drop in the estimation. This
decrease in conductivity affects not only the amplitude of
the forward-scattered signal but also the phase of the signal.
Waveform reconstruction to recover this phase information
could further improve the accuracy of ablation imaging.

Here, let rB as the ablation boundary point. Under the
assumption that the same propagation model, used in the
TDOA-based method, is valid and that signals propagate in
a straight line, using the parameter RAB, the preablated and
during ablated signals in the angular-frequency domain can be
expressed as

S0(rC, ω; RAB) = G(‖rC − rB‖; k(ω))

× G(‖rB − rA‖; k0(ω))Ssrc(rA, ω) (7)

Sn(rC, ω; RAB) = G(‖rC − rB‖; k(ω))

× G(‖rB − rA‖; kn(ω))Ssrc(rA, ω) (8)

where S0(rC, ω; RAB) and Sn(rC, ω; RAB) denote the signals
received before and during ablation at the nth snapshot in
the angular-frequency domain, respectively, and Ssrc(rA, ω)
denotes the transmitted signal from the source located at rA.
G(‖rB − rC‖; k(ω)) denotes the Green’s function in propa-
gating from rC to rB with the wavenumber k(ω). G(‖rB −
rA‖; kn(ω)) and G(‖rB − rA‖; kn(ω)) also denote the Green’s
functions in propagating from rB to rA (RAB ≡ ‖rB − rA‖) at
the preablation and during ablation states, each wavenumber
of which is expressed as k0(ω) and kn(ω), respectively. The
wavenumber at the nth snapshot kn(ω) is expressed as

kn(ω) = βn(ω) − jαn(ω) (9)

where αn(ω) and βn(ω) are defined as

αn(ω) = ω
√

μεn

[
1

2

√
1 + σ 2

n

ω2ε2
n

− 1

2

] 1
2

(10)

βn(ω) = ω
√

μεn

[
1

2

√
1 + σ 2

n

ω2ε2
n

+ 1

2

] 1
2

. (11)

Here, εn and σn are the relative permittivity and conductivity,
respectively, of ablated tissues at the nth snapshot, and ε0 and
σ0 are those of preablated tissues. Organizing (7) and (8),
the signal at the nth snapshot from ablated tissues can be
approximated as

Sn(rC, ω; RAB)

= G(‖rB − rA‖; kn(ω))

G(‖rB − rA‖; k0(ω))
S0(rC, ω; RAB)

� S0(rC, ω; RAB) · e j (kn(ω)−k0(ω))RAB
. (12)

Finally, the distance from the source to the ablation boundary
at the nth moment, R̂AB

n , is calculated as

R̂AB
n = arg min

RAB

∫ ∣∣Sn(rC, ω; RAB) − Sobs
n (rC, ω)

∣∣2
dω (13)

Fig. 2. Procedure of the proposed algorithm. Red box denotes the difference
part from the TDOA-based method.

where Sobs
n (rC, ω) denotes the observed signal in the angular-

frequency domain at the nth snapshot. Finally, the boundary
point of the ablation zone is obtained as rB = R̂ABu + rA,
where u denotes a unit vector pointing from rA to rC.

2) Procedure: The procedure for the proposed method is
summarized as follows.

Step 1: The received signals are recorded at T = 0
(before the ablation begins) and at the nth temporal
snapshot during the ablation.

Step 2: A noise reduction filter (e.g., matched filter)
is applied to both observed signals.

Step 3: The waveform in the nth snapshot in the ablation
state is derived in (12).

Step 4: R̂AB
n is determined in (13), and the ablation bound-

ary point rB is determined in (5).
Fig. 2 shows the flowchart of the proposed method. This
method maintains the advantages described above, in that it
only requires the ratio of the dielectric constants and the
conductivity in ablated tissues to be known beforehand. In
most clinical applications, the source is located inside the
malignant tissue, and databases of the complex permittivity
of various malignant tissues are available in the literature
[11]. It should also be noted that the proposed method (or
the TDOA method) does not use a specific dispersive model
(e.g., a single-pole Debye) but simply determines the distance
from the source to the ablation boundary as RA B for each
direction, using the impact only for the relative permittivity
εn and the conductivity σn between preablation and during
ablation at the specific frequency. In other words, the nondis-
persive model is used in this method.

IV. 2-D NUMERICAL SIMULATION

A. Breast Phantom and Measurement Array

We used an FDTD numerical simulation to assess the
imaging performance of each method, using in-house Uni-
versity of Wisconsin-Madison codes. In the simulation, two
realistic computational phantoms of breasts derived from
MRI data from healthy women were used [13]: a Class 3
“heterogeneously dense” phantom (ID number 062204), and
a Class 4 “very dense” (ID number 012304) phantom, data
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Fig. 3. 2-D numerical breast phantom at preablation state. The colorbar
displays the Debye parameter, �ε. (a) Class 3 (heterogeneously dense) breast
phantom. (b) Class 4 (extremely dense) breast phantom.

for each of which are available online [14]. The frequency-
dependent complex permittivities for skin and breast tissues
in the phantoms are also modeled by a single-pole Debye
models ε̄(ω) = ε∞ + (εs − ε∞)/1 + jωτ0 + (σ/ jωε0) over
the frequency range from 0.1 to 5.0 GHz, as in [15]. Fig. 3
shows the maps of the Debye parameter �ε of the Class 3
and Class 4 phantoms. The transmission source is located
inside the fibroglandular tissue. Here, we consider that the
ablation zone is predominated by the glandular tissue in most
cases, because the cancer tissue is usually distributed within
the glandular area, and the adipose area is much less than the
glandular area in the ablation zone. Then, the average relative
permittivity and conductivity of preablated tissue surrounding
the source are εAB

0 = 42 and σAB
0 = 0.633 S/m, respectively,

each of which corresponds to the median value for healthy
fibroglandular tissues at f0 = 2.45 GHz. We also locate the
tumor around the source, which has a circular shape with
2 mm radius and has the Debye parameter as (ε∞,�ε, σ ) =
(58.0, 20.0, 0.8 S/m). The 20 simulated receiving antennas
are located in a ring outside the breast (immersed in air) with
equal spacing. The transmitted signal is a Gaussian modulated
pulse, with 2.45 GHz as its central frequency and 1.9 GHz
at the full bandwidth of 3 dB. The cell size in the FDTD
computational domain is 0.5 mm. The in-house University of
Wisconsin–Madison FDTD code that assumes the single-pole
Debye model is used to generate the data. In other words,
the effects of both dispersion and the changes occurring in
the surrounding medium are considered. A noiseless case is

Fig. 4. Estimated boundaries of the elliptical ablation zone by each method.
White solid circles denote the estimated points by the TDOA method. Red
solid circles denote the estimated points by the proposed method. The colorbar
displays the Debye parameter, �ε. (a) Class 3. (b) Class 4.

Fig. 5. Enlarged views around the ablation zones of Fig. 4. White solid
circles denote the estimated points by the TDOA method. Red solid circles
denote the estimated points by the proposed method. The colorbar displays
the Debye parameter, �ε. (a) Class 3. (b) Class 4.

assumed in order to assess the systematic error caused by the
waveform mismatching. All the Debye parameters uniformly
decrease in the ablated tissue, that is, the dielectric maps
inside or outside the ablation zone are still heterogeneous,
and the ratios of decrease from a nonablated state for relative
permittivity and conductivity are defined as ξε and ξσ , respec-
tively. This range of effects has been observed in ablations of
bovine liver tissues [5] and human mastectomy specimens [6].

B. Imaging and Waveform Reconstruction Results

For a representative case of ablation treatment, we first
tested a simulation in which the impact of the ablation is a
uniform 10% drop in all Debye parameters within the ablation
zone (ξε = ξσ = 0.9) Thus, the dielectric properties in the
ablated region are also heterogeneous. This degree of reduction
in dielectric properties has been measured in bovine liver
tissues that been ablated to 90 ◦C [5]. The ablation zone in this
test is modeled as an ellipse that spans 20 mm along the x-axis
and 16 mm along the y-axis at the particular moment when the
“measured” signals are recorded. Fig. 4 shows the results from
each algorithm for each of the phantoms in this case of ablation
having a relatively minor effect on the tissue. Fig. 5 also
denotes the enlarged view of Fig. 4, focusing on the ablation
area to make the results clearer. These results show that the
proposed method locates the boundary of the ablation zone
more accurately than the TDOA method. We consider that the
proposed method more accurately estimates the distance RAB,
as this method corrects for errors that appear in the waveform
with the TDOA method. Note that both the TDOA-based
imaging and the proposed algorithms assume that an entire
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Fig. 6. Example of received signals of preablation (black solid line) and
during (red solid line) ablation states at the 15 antennas in Fig. 3(a) at the
case of (ξε = ξσ = 0.9) of the Class 3 phantom and waveform reconstruction
result (blue dotted line) by the proposed method.

Fig. 7. NRMSE for waveform reconstruction at different antenna location.
(The number of index is denoted as in Fig. 3.) (a) Class 3. (b) Class 4.

ablation zone has the homogeneous dielectric map (the same
level of ablated tissue and dehydration) for the calculation of
the ablation boundary, that is, ε0

AB and σ 0
AB are constant in the

entire ablation zone. Although the reconstruction errors shown
in Fig. 5 are caused by the heterogeneity of the outside and
inside the ablation zone, the proposed method achieves the
reconstruction accuracy within 2 mm in the median.

Fig. 6 shows an example of the signal received in states
before and during ablation and the waveform reconstructed
by the proposed method, in the above case. This figure shows
that the waveform received in the state during ablation is
slightly deformed from that obtained in the preablation state;
this deformation affects the TDOA errors, because the TDOA
assumes that the waveforms are identical between the states
before and during ablation. Although the TDOA errors are at
the same level, as in the higher-impact case, the error denoting
�τ/(1 − √

ξ) becomes larger. In contrast, the waveform
comparison in Fig. 6 demonstrates that the proposed algorithm
could reconstruct the waveform by compensating for not only
the time shift but also the frequency characteristic using the
impact of ablation for the conductivity drop, which enhances
the accuracy in the estimation of R̂AB

n .
In order to verify the above results, we introduced an error

analysis method for use with the waveform reconstruction
technique. The normalized root mean square error (NRMSE)
is written as

NRMSEn =
√√√√∫ T

0

∣∣ŝn(t) − sobs
n (t)

∣∣2
dt∫ T

0

∣∣sobs
n (t)

∣∣2
dt

(14)

where ŝn(t) denotes the signal reconstructed by either method,
where the time shift of ŝn(t) of the TDOA-based method is
compensated for using the time delay �τ calculated in (6).
Fig. 7 shows the NRMSE for each receiving antenna for both
phantoms. These results indicate that the proposed method
reconstructs waveforms more accurately than the TDOA-based
method does. Accurate waveform reconstruction enhances the
accuracy of estimating RAB, which results in more accurate
images. Note that the average calculation times are 0.1 s with
the TDOA-based method and 0.3 s with the proposed method,
using an Intel Xeon CPU E5-1620 v2 3.7 GHz, with 16 GB
RAM. Both methods, therefore, enable real-time monitoring
in tissues whose dielectric properties are strongly affected by
ablation. It is also one of the most distinguished advantages of
the methods, compared with the inverse scattering algorithm.

C. Statistical Results for Different Types of Ablations and
Additive Noises

In order to investigate the range of applications for the pro-
posed method, we next consider a range of different degrees of
ablation causing the same levels of reduction in both relative
permittivity and conductivity. Here, if ξε = ξσ = x holds,
the simplified notation ξ = x is introduced as the following
description. A noiseless case is also assumed here. In addition,
to demonstrate the effectiveness of the proposed method in
terms of statistical view point, 100 different patterns of the
ablation-zone center for each impact are investigated in the
Class 3 and Class 4 phantoms. The dimensions of the ablation
are fixed for these tests and are the same as in Fig. 5. For
these tests, we define the reconstruction error for a specific
estimated boundary point, rB, as the shortest distance from
that estimated boundary point to the actual boundary. Fig. 8
shows box plots of the median values of the estimation errors
delivered by the TDOA-based and the proposed methods,
respectively. The lower and upper bounds of the boxes span
the interquartile range (IQR) and the lower and upper whiskers
denote the standard deviation. These results demonstrate that
the proposed method enhances the medians and IQRs for all
ablation types. The difference is remarkable, particularly in
the case of ξ =0.9 [i.e., (ξε, ξσ ) = (0.9, 0.9)], with which
the TDOA-based method is significantly inaccurate. This is
because the relatively small decrease in the dielectric constant
leads to a smaller time shift in the forward-scattered signal
�τ . When the imaging algorithm has only TDOA values
to work with, its sensitivity to this error in �τ is quite
severe. The proposed method can enhance the accuracy of
�τ estimations, on the other hand, by compensating for the
waveform deformation caused by the drop in conductivity.

Next, in order to investigate the sensitivity to additional
noise, white Gaussian noise is added to each recorded electric
field. The signal-to-noise ratio (SNR) for this simulation is
defined as the ratio of the maximum power of received signals
to the power of noise in the time domain. We tested a repre-
sentative case with an SNR of 20 dB. A matched filter was
applied to the received simulated signals to reduce noise. Fig. 9
shows box plots of the median values of the estimation errors
delivered by the TDOA-based and the proposed methods,
respectively. This figure also demonstrates that the proposed
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Fig. 8. Box plots of median errors in ablation zone boundary estimation as a function of ξ(= ξε = ξσ ) at each Class phantom on noiseless situation,
where 100 different locations of ablation centers with the same dimension are investigated. (a) Class 3 (TDOA). (b) Class 3 (proposed). (c) Class 4 (TDOA).
(d) Class 4 (proposed).

Fig. 9. Box plots of median errors in ablation zone boundary estimation as a function of ξ(= ξε = ξσ ) at each Class phantom at the 20 dB SNR situation,
where 100 different locations of ablation centers with the same dimension are investigated. (a) Class 3 (TDOA). (b) Class 3 (proposed). (c) Class 4 (TDOA).
(d) Class 4 (proposed).

method attains more accurate ablation boundary points, espe-
cially for higher ξ case, and the additional noise does not
markedly affect the results in either the TDOA or the proposed
method, because the either method adopts the preprocessing
filter as the matched filter, which is the most robust to the
added noise.

D. Results in Blurred Ablation Boundary Case

The TDOA and the proposed methods are based on the
assumption that the ablation zone has a homogeneous change
from the preablation state; however, this is not true for the
actual ablation zone. To assess the limitation of the proposed
method, we tested the case, wherein the ablation boundary is
not clear but gradually changes from the center of the ablation
probe, in terms of the Debye parameters. A number of reports
[5], [6], [9] demonstrated that the ablation area gradually
changes around the ablation boundary. We tested two different
impact cases, Case 1 is a large range case (0.6 ≤ ξ,≤ 1),
and Case 2 is a small range case (0.9 ≤ ξ,≤ 1). Fig. 10
shows the estimation results of the ablation boundary for the
TDOA-based method and the proposed method for both cases.
In order to show the quantitative analysis for the estimated
boundary points, we defined the reconstruction error as the
shortest distance from that estimated boundary point to the
actual boundary, which has the intermediate change of ξ ,
namely, the boundary denoting ξ = 0.8 for Case 1 and the
boundary denoting ξ = 0.95 for Case 2. The error analyses
for each case of each method are summarized in Table I. In
Case 1, each method maintains a certain level of accuracy for
the estimated boundary points. However, in Case 2, the TDOA-
based method suffers from a degradation of accuracy, although
the proposed method maintains the accuracy at the same level
as in Case 1, demonstrating that the proposed method is robust
to a smaller impact of ablation.

TABLE I

RMSE AND MEDIAN ERRORS IN ESTIMATING

THE BLURRED BOUNDARY CASES

E. Sensitivity to the Impact Parameters of Ablation
of ξε and ξσ

Note that, we need to consider the impact of a mismatch
between the actual dielectric constant and conductivity of
the target tissue before ablation in the TDOA-based and the
proposed methods. Such a mismatch would arise owing to
any patient-to-patient variability in the dielectric properties of
the target tissue. However, in the literature [11], the above
sensitivity in the TDOA-based method is demonstrated, as
to the mismatch of ε0, and the possible factors causing
such sensitivity are discussed. Those discussions are almost
common in the proposed method, because the mismatch of ε0
and σ0 possibly degrades the performance, but the error level
is relatively similar to the results of the TDOA-based method.

To avoid duplicating analyses reported in the literature [11],
this article now focuses on the sensitivity of mismatch for
the impact parameter as ξε and ξσ for the estimated abla-
tion boundary points for the TDOA-based and the proposed
methods as follows. Here, we assume the Class 3 phantom
with the same observation and probe model as in Fig. 3(a).
We investigated the simulations, in which the two types of
impact of ablation are a uniform 10% [namely, (ξε, ξσ ) =
(0.9, 0.9)] and 40% (ξε, ξσ ) = (0.6, 0.6). A noiseless situation
is assumed, for simplicity. Fig. 11 shows the differences in
median errors of the estimated boundary points, where the
reference of median errors is set as that obtained using the
actual ξε and ξσ . It is natural that the TDOA-based method has
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Fig. 10. (a) and (b) Estimated result for blurred ablation boundary case by the TDOA-based method at each case, where the color shows �ε. (c) and (d)
Estimated result for blurred ablation boundary case by the proposed method at each case, where the color shows �ε. (e) and (f) Enlarged views of Fig. 10 (a)
and (b), respectively, by the TDOA-based method, where the color shows ξ . (g) and (h) Enlarged view of Fig. 10 (c) and (d), respectively, by the proposed
method, where the color shows ξ . (a) Case 1 (TDOA). (b) Case 2 (TDOA). (c) Case 1 (proposed). (d) Case 2 (proposed). (e) Case 1 (TDOA). (f) Case 2
(TDOA). (g) Case 1 (proposed). (h) Case 2 (proposed).

Fig. 11. Median error distributions, when the actual parameters are set as
(ξε , ξσ ) = (0.6, 0.6) in (a) and (b), and (ξε , ξσ ) = (0.9, 0.9) in (c) and (d).
(a) TDOA. (b) Proposed. (c) TDOA. (d) Proposed.

a sensitivity only for ξε , because it does not employ the impact
of conductivity in the estimation. While the proposed method
has a sensitivity to ξσ , ξσ has much smaller impact than ξε ,
which is at almost the same level as that in the TDOA-based
method. This is considered to be because the dominant cause
of the boundary reconstruction may be the error of the time
delay, namely, TDOA. However, the small errors of waveform
distortion by the error of ξσ affect the median or root mean
square error (RMSE) of the boundary estimation, especially
for a lower impact of ablation.

F. Discussion Assuming a Realistic Scenario
This section presents a discussion in the context of the actual

clinical scenario.

1) Limited Aperture Scenario: In the measurement setup
described in the previous simulation model, the receiving
antennas enclose the region to be imaged. However, that is
not necessarily viable in various clinical ablation scenarios
(e.g., liver and kidney). Note that because the proposed method
(also the TDOA method) is not based on the inverse-problem
solution, it does not experience typical problems such as ill-
posedness or ambiguity due to a limited number of data. In
other words, the estimation accuracy for each ablation bound-
ary received by other receivers. Thus, the proposed method can
determine the ablation boundary point even if there is only one
sensor outside the breast. The number of receivers has a direct
effect on the number of ablation boundary points, and if there
are only a few ablation boundary points (e.g., two or three),
then naturally the dimension of the ablation zone is estimated
poorly. Consequently, the intrinsic problem with our method
is that if a limited number of limited directional data are
available, then the reconstruction area of the ablation boundary
is also limited, which is simply a geometrical limitation.

2) Coupling Medium: In a realistic scenario, there is an
option to fill the coupling medium (e.g., oil) into the sur-
rounding area of the breast. With a coupling medium in place,
the internal reflection from the skin surface is suppressed
considerably, which is more advantageous for our method
because now larger responses from the source are available,
thereby enhancing the S/N.

3) Case for Larger Ablation Zone: Some previous studies
have shown that the actual ablation zone is larger than that
assumed in the present numerical tests, namely an ellipsoid
with a diameter of approximately 20 mm. Scapaticci et al. [16]
assumes an ellipsoidal ablation zone with a diameter of 2 cm,
but [9] assumes larger dimensions, such as a 40 mm ping-
pong ball, and also [17] the following one assumes a lesion
with dimensions of around 5.6 × 3.7 cm. The dimension of the
real ablation assuming the clinical scenario, also ranges from
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Fig. 12. Estimated boundaries of larger ablation zone by each method. Red solid circles denote the estimated points by each method. The colorbar displays
the Debye parameter, �ε. (b) and (d) Enlarged view for each estimation boundary, where black solid curve shows the actual ablation zone boundary.
(a) TDOA. (b) Proposed. (c) TDOA. (d) Proposed.

Fig. 13. Box plots of median errors in ablation zone boundary estimation
as a function of ξ(= ξε = ξσ ) at each Class phantom at noise-free situation,
where 90 different locations of ablation centers with the same dimension are
investigated. (a) TDOA. (b) Proposed.

3 to 3.5 cm diameter [18], [19]. Consequently, we investigate
the case for a larger ablation zone as follows. Fig. 12 shows
the results obtained using the TDOA method and the proposed
method, where the ablation zone is an ellipse with a major
radius of 20 mm and a minor radius of 16 mm. Here,
we assume ξ = 0.9. As shown in Fig. 12, the errors are
significant and are greater than in the cases with smaller
dimensions. These errors are considered to be caused by
the simplified propagation model in the TDOA method and the
proposed method, namely the straight-line propagation or the
homogeneous and nondispersive property of the ablation zone.
The RMSE and median error for the ablation boundary points
are 2.77 and 2.67 mm, respectively, for the TDOA method
and 2.82 and 1.91 mm, respectively, for the proposed method.
Fig. 13 shows box plots for the median error with each method
on changing ξ . Although there is a slight improvement with
the proposed method in terms of the median error at higher
ξ , it is less distinct compared with that obtained in cases with
smaller dimensions. Note that our proposed method is focused
on monitoring the evolution of the ablation zone, where the
initial state of ablation with smaller size or a lower impact of
dielectric change should also be assessed at each elapsed time.
Although the proposed method has a clear advantage only at
the beginning of ablation, it is promising for monitoring safety
in the early stage of ablation.

4) Sensitivity to Movement During Ablation: The movement
of the patient due to breathing and heartbeat affects the
estimation results of both the TDOA method and the proposed
method. This sensitivity of each method is investigated as
follows. We assume the same observation model as that of
the Class phantom in Fig. 3 at the preablation state. During
ablation, the entire breast is slightly shifted along the y-axis,
which is defined as �Y . In the reconstruction using each
method, the geometrical conditions of the source and receivers

should be used as the preablation state because the small
fluctuation of the breast location is hardly measured at each
elapsed time during ablation. Fig. 14 shows the reconstruction
results for each method when we investigate the cases of
�Y = 1.0, which is almost the average displacement level
by a respiration. In comparison with the results in Fig. 4 (i.e.,
no motion during ablation), there are some offset errors in
each motion case, but these are of the same level for both
values of �Y . The RMSE and median error for the ablation
boundary points are 4.11 and 3.17 mm, respectively, for the
TDOA method and 3.42 and 2.65 mm, respectively, for the
proposed method. However, in the case for larger movement of
breast during ablation, we need to compensate those errors to
attain a sufficient accuracy, and a real-time radar measurement
for breast surface would be a promising option for the above
correction.

G. Comparison Study for 2-D Distorted Born Iterative
Method (DBIM)-Based Inverse Scattering Method

To clarify the effectiveness of the proposed method, com-
paring the typical inverse scattering analysis, this section
introduces the imaging example by the DBIM, which has been
demonstrated in the number of breast media reconstruction
such as cancer detection [20], [21]. The DBIM is one of the
promising algorithm, which reconstructs the highly heteroge-
neous and dispersive media, using the iterative procedure for
forward and inverse solvers. Here, we introduce the example
of the DBIM in the Class 3 case. The observation model
is the 2-D model, which is the same as in Section IV. For
simplicity, it assumes that the initial maps of the Debye
parameters are given as that of the preablation state shown
as in Fig. 3(a). Here, to accelerate the calculation speed,
the cell size of the FDTD and unknowns of the DBIM is
set to 2 mm. The conjugate gradient for least-squares (CGLS)
method under l2 norm regularization is used to update the
DBIM with 20 being the maximum number of iterations with
convergence check, which has been empirically determined by
investigating several cases. The forward solver is also given
by the 2-D FDTD method, which is the same for the data
generation. Fig. 15 shows the reconstruction results of the
DBIM, that is, the difference between the preablation and
during ablation states at the case of ξε = ξσ = 0.9, where the
number of iterations is 100. The RMSEs between the actual
and estimated difference map for each Debye parameter are
0.285 for ε∞ (17.7% relative error), 0.540 for �ε (19.9%
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Fig. 14. Estimated boundaries by each method, where the location of the breast is slightly shifted (�Y = 1 mm) at the during ablation state. Red solid
circles denote the estimated points by each method. (a) TDOA. (b) TDOA. (c) Proposed. (d) Proposed.

Fig. 15. Results of DBIM-based ablation zone reconstruction in the case of
(ξε , ξσ ) = (0.9, 0.9). (a), (c), and (e) Actual difference between preablation
and during ablation maps. (b), (d), and (f) Estimated map by the DBIM with
100 iterations. (a) Actual difference of ε∞. (b) Estimated difference of ε∞.
(c) Actual difference of �ε. (d) Estimated difference of �ε. (e) Actual
difference of σ . (f) Estimated difference of σ .

relative error), and 0.029 S/m for σ (44.1% relative error),
where the average values of the actual difference map are
1.613 for ε∞, 2.714 for �ε, and 0.0068 S/m for σ . As shown
in this figure and the above quantitative result, the DBIM
could offer the significant information about the area and
impact of the ablation zone without using the ablation impact
parameter of ξε and ξσ , which is the advantage of the DBIM
method from the proposed method. However, the accuracy
of the DBIM largely depends on the initial estimate, and in
this case, it is given the accurate map of preablation state,
which is hardly obtained in the realistic scenario. In addition,
the calculation time for the reconstruction is over 30 min using
an Intel Xeon CPU E5-1620 v2 3.7 GHz, with 16 GB RAM,
and this is a severe disadvantage from the proposed method,
in terms of computational time, in particular for the 3-D

Fig. 16. 3-D numerical breast phantom (Class 3) and configuration, where the
MWA probe is set to the short electric dipole. The colorbar displays the Debye
parameter, �ε. The red circles denote the locations of the 50 electrically
short receiving dipole antennae (black solid line) located on elliptical rings
surrounding the breast phantom.

extension. However, we consider that the appropriate hybrid
of the proposed method and the inverse scattering algorithm
could offer more effective imaging algorithm for the real-time,
accurate, and less prior knowledge imaging.

V. 3-D NUMERICAL TEST WITH REALISTIC PHANTOM

A. Numerical Setting

In this section, we present the performance test of each
method, based on the 3-D numerical simulation, using the
FDTD calculation. Fig. 16 shows the observation model in
this 3-D test, where the Debye parameter, �ε, of the Class
3 phantom is presented. The 3-D FDTD simulations, consid-
ering the dispersive model, were conducted using commercial
software, namely, the XFDTD Bio-Pro, a product by Remcom
Inc., where the single-pole Debye dispersion model is imple-
mented for data generation. The 3-D computational domain is
composed of 0.5 mm cubic grid cells, but the phantom is re-
sampled as 2 mm cells owing to the limitations of the computer
memory. The transmitted signal is a Gaussian modulated pulse,
with 2.45 GHz as the central frequency and a 1.9 GHz as
that at full 3 dB bandwidth. The receiving antenna array
surrounding the breast phantom consists of 50 electrically
short dipoles, where each dipole arm is 10 mm in length and
the feed gap is 0.5 mm. These receiving antennae are evenly
distributed on five elliptical rings of eight antennae each, with
adjacent rings rotated by 18◦ to create a staggered array of
antennae in the vertical direction. The five rings are located on
the xy planes located at z = 5 mm, z = 20 mm, z = 35 mm,
z = 50 mm, and z = 65 mm. The antennae are used to measure
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Fig. 17. Estimated boundary points shown by the red circles of the ellipsoidal ablation zone by each method, in the 3-D Class 3 numerical breast phantom
at a noiseless case, where the actual ablation boundary is expressed as white solid curves. (a) and (d) x plane projection. (b) and (e) y plane projection.
(c) and (f) z plane projection. (a) TDOA ξ = 0.9. (b) TDOA ξ = 0.9. (c) TDOA ξ = 0.9. (d) Proposed ξ = 0.9. (e) Proposed ξ = 0.9. (f) Proposed ξ = 0.9.

Fig. 18. Box plots of RMSE and median errors in 3-D ablation zone
boundary estimation at the case of (ξε , ξσ ) = (0.9, 0.9) on Class 3 phantom
on noiseless situation, where ten different locations of ablation centers with
the same dimension are investigated. (a) RMSE. (b) Median.

Fig. 19. (a) Design of floating sleeve antenna and (b) its cross section, which
is reference by Yang et al. [17].

the copolarized electric field component in the feed gap. The
time-domain electric fields are recorded at every antenna in
the external array. A noiseless situation is assumed to assess
the systematic error of the methods.

B. Case in Short Dipole MWA Probe

The transmitting source is an electrically short dipole
located within a region of fibroglandular tissues at

Fig. 20. 3-D numerical breast phantom (Class 4) and configuration, where the
MWA probe is set to the coaxial slot antenna. The colorbar displays the Debye
parameter, �ε. The red circles denote the locations of the 50 electrically short
receiving dipole antennas located on elliptical rings surrounding the breast
phantom.

(x, y, z) = (48 mm, 75 mm, 13 mm). The ablation zone
(shown in Fig. 16) is modeled as an ellipsoid with axial radii
of 8 mm (x-axis), 8 mm (y-axis), and 10 mm (z-axis). The
average relative permittivity and conductivity of preablated tis-
sue surrounding the source are εAB

0 =42 and σAB
0 =0.633 S/m,

respectively, which are the same in the 2-D model. We consid-
ered the lower impact case, in which the dielectric properties
are reduced by 10% for all Debye parameters, namely, the
case of (ξε, ξσ ) = (0.9, 0.9). Fig. 17 shows the estimated
boundary points by the TDOA-based method and the proposed
method, on each of three orthogonal projection planes. The
median of errors is 1.70 mm for the TDOA-based method and
0.66 mm for the proposed method. These data and the above
quantitative analyses demonstrate that the proposed method
enhances the accuracy of boundary extraction, by considering
the conductivity drop, even in the 3-D case, the reason for
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Fig. 21. Estimated boundary points shown by the red circles of the ellipsoidal ablation zone by each method, in the 3-D Class 3 numerical breast phantom
at a noiseless case, where the actual ablation boundary is expressed as white solid curves. (a) and (d) x plane projection. (b) and (e) y plane projection.
(c) and (f) z plane projection. (a) TDOA ξ = 0.9. (b) TDOA ξ = 0.9. (c) TDOA ξ = 0.9. (d) Proposed ξ = 0.9. (e) Proposed ξ = 0.9. (f) Proposed ξ = 0.9.

which is also the same as that described in the 2-D case. Note
that the proposed method (or the TDOA-based method) only
exploits the differential information of the received signals
between the preablation and during ablation states for each
Rx. Mostly, such differential information includes the change
in the dielectric property of the area from A to B but not of
the area from B to C because the dielectric property of the
area from B to C is almost the same during ablation. Small
impacts are witnessed in the area from B to C (not in the
ablation zone) due to the ablation; however, we consider that
the impacts are much less than the impacts in the area from
A to B (ablation zone).

For the statistical validation in this case, Fig. 18 shows a
box plot of the RMSE and median values of errors, where
ten different patterns of the ablation-zone center are simulated
in the Class 3. The dimensions of the ablation are fixed for
these tests and are the same as in Fig. 16. The lower and
upper bounds of the boxes span the IQR and the lower and
upper whiskers denote the standard deviation. This figure also
shows that the proposed method has an advantage regarding
the reconstruction accuracy in the statistical mean. Note that,
the clinical reference [22], regarding MWA treatment for a
benign breast lesion showed that the mean of its longest
diameter is in the range from 5 to 15 mm based on investigat-
ing 725 benign breast lesions from 314 women. This article
focuses on the real-time monitoring of the time evolution of
the ablation zone, in which case, given the aforementioned
treatment of benign breast lesions, accuracy of the order of a
few millimeters would be significant, especially at the start
of ablation with a lower impact of dielectric change (e.g.,
ξ = 0.9). The problem with the conventional TDOA method

is that it is highly sensitive to the error of TDOA estimation
in the case of lower ablation impact (lower temperature in the
ablation zone). In contrast, the proposed method suppresses
the relative error of dimension estimation from 10% to 5%,
thereby contributing to more-accurate and safer monitoring,
especially during the early stage of ablation treatment.

C. Case of Coaxial Slot MWA Probe

This section investigates a case to test the practical applica-
bility of the proposed method, where a coaxial probe is used
as the MWA source. Yang et al. [18], we adopt a floating
sleeve antenna as the coaxial probe for the ablation, which is
suitable for achieving a highly localized specific absorption
rate pattern. Fig. 19 shows the actual design of the antenna
derived from [18]. In this test, the origin of the ablation zone
is regarded as the center of the slot area, and the distance
estimated as R̂AB is considered to have an offset of the radius
of the probe, namely 1.75 mm. Fig. 20 shows the observation
model using the above coaxial probe, assuming the Class 4
“dense” phantom, where the location and dimension of the
ablation zone, the impact of ablation [namely the case of
(ξε, ξσ ) = (0.9, 0.9)], the receivers, and other simulation
parameters are the same as those in Section V-B. The radii
of the ellipsoidal ablation zone are 16 mm for the x-axis,
16 mm for the y-axis, and 22 mm for the z-axis. Fig. 21 shows
the boundary points estimated by the TDOA method and
the proposed method on each of three orthogonal projection
planes using the coaxial slot probe. The median error is
1.95 mm for the TDOA method and 1.85 mm for the proposed
method. Compared with the case of the short dipole source in
Section V-B, both methods are inaccurate because volumetric
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scattering from the coaxial probe interacts with the evolving
ablation, which is not considered in the propagation model
for the TDOA method and the proposed method. The other
cause is considered to be the signal leakage from the insertion
point of the coaxial probe, where the electromagnetic wave
propagating along the surface of the coaxial probe interferes
with the signal propagating into the ablation zone. Actually,
the imaging accuracy degrades at the top of the estimation
ring, where the distance from the insertion point of the probe
is less, and the leakage effect is more dominant in this area.
Consequently, these results show that a more appropriate
propagation model should be considered in the actual case.
However, when dealing with an ablation zone whose diameter
exceeds 40 mm, the error level remains within 2 mm.

VI. CONCLUSION

In this article, we proposed a real-time imaging algorithm
based on waveform reconstruction for estimating the dimen-
sions of the ablation zone in the microwave imaging scenario.
This algorithm accounts for the impact of the ablated tissue’s
drop in conductivity, adding to the conventional TDOA-based
method’s accounting for drops in the relative permittivity. The
proposed algorithm compensates for the mismatch between
the waveforms of signals before and during the ablation of
tissues, which enhances the algorithm’s accuracy in estimating
the distance from the source antenna to the edge of the
ablated zone, especially in the case when the tissue’s dielectric
properties are less affected by ablation. A 2-D numerical inves-
tigation using dispersive FDTD simulations with 100 different
samples demonstrated that the proposed algorithm achieves
a significantly more accurate boundary estimation for MWA
monitoring even in the case where ablation only slightly affects
the tissue’s dielectric properties. Furthermore, some sensitivity
studies for additive noise, blurred boundary, and the mismatch
of the impact parameters of ξε and ξσ have shown that the
proposed method has almost the same level of robustness for
such fluctuations and mismatches as the TDOA-based method,
while maintaining the original advantage of the proposed
method.

Finally, 3-D FDTD using realistic breast phantom model has
confirmed that the proposed method accurately reconstructs
the 3-D ablation boundary, which is more distinct in the lower-
impact case. Of course, there are errors due to the frequency
dependence of the complex permittivity, and these errors
are included in all the results in this article. Nevertheless,
our method offers a certain level of accuracy for highly
heterogeneous and dispersive media, and we also consider
that the results of our method could become an appropri-
ate initial guess for a postimaging algorithm (e.g., inverse
scattering) that considers a more accurate propagation model.
The proposed algorithm is based on a simple propagation
model, namely homogeneous, nondispersive, and straight-line
propagation, which is not accurate in a realistic scenario.
However, a number of FDTD-based numerical analyses using
highly heterogeneous and dispersive breast phantoms showed
that our proposed method provides a certain level of accuracy
with an extremely low computational cost and without much
prior knowledge, which is a significant advantage over other

existing methods, particularly the inverse-scattering algorithm.
In addition, the comparison study for the DBIM-based ablation
zone reconstruction, which is one of the most promising
inverse scattering algorithms, has been investigated. While
the DBIM method could reconstruct the difference of the
dielectric profile with heterogeneous map between preablation
and during ablation states, it requires an expensive computa-
tional cost. Nonetheless, the hybrid use of our method and
inverse scattering scheme would be a promising solution to
maintain the reconstruction accuracy, especially in the larger
ablation zone, or to accelerate a computational speed, because
the rough estimation of the ablation zone by our proposed
method could be exploited as an appropriate initial estimate
for the inverse scattering, which could accelerate the conver-
gence speed in the iterative procedure and reduce the total
computational cost or avoid the local minimum to reconstruct
the dielectric profile during ablation. It is our emergent future
task to implement the above incorporation algorithm.

Furthermore, it should be also noted that our proposed
method (also the TDOA method) does not use a priori knowl-
edge that the ablation boundary has a spherical or ellipsoidal
shape, but it assumes that the ablation boundary intersects
the path A to path C only once. If the above assumption is
not guaranteed, it is expected that the proposed method could
not maintain the accuracy, naturally. However, a number of
literatures [23]–[25] have demonstrated that the ablation zone,
especially for bovine liver, usually forms a convex shape,
because the energy radiated from the source is transmitted
almost omnidirectionally. Note that there are still no reports
for the shape of the breast ablation tissue, however, that the
above phenomenon should be almost consistent even for the
heterogeneous breast media. Then, it is considered that the
above limitation of the proposed method would not be fatal for
the actual ablation scenario. Finally, both the proposed method
and the TDOA method would be inaccurate in cases where
the breast tissue undergoes significant morphological changes
(e.g., shrinkage) between preablation and during ablation. In
particular, shrinkage of all the tissues causes an earlier time
of arrival from the source to each receiver, whereupon the
algorithm could overestimate the dimension of the ablation
zone. The above point has not been addressed in this article,
but incorporation with accurate breast surface imaging algo-
rithms (see [26], [27]) is promising for compensating the error
caused by the aforementioned morphological changes of the
breast. For an actual scenario, a complex-permittivity estimator
using the S11 parameter, for example, would be a promising
means of addressing the interpatient variability of the complex
permittivity.
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