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Abstract—This study presents an efficient quantitative mi-
crowave imaging method for ablation zones in microwave
breast cancer treatment. To maintain an accurate estimate of
complex permittivity changes during the ablation process, we
integrate the time of difference of arrival (TDOA) based ablation
boundary prior into the contrast source inversion (CSI) based
nonlinear inverse scattering framework. This incorporation
mitigates the ill-posed problem of the original CSI scheme
by restricting the region of interest (ROI) using the TDOA
prior. Specifically, by focusing on the characteristics of the
CSI cost function, our approach simultaneously determines an
appropriate ablation boundary and the temporal decrease of
complex permittivity, which is closely correlated with the tem-
perature change of the ablated tissue. The effectiveness of our
proposed scheme is validated using the two-dimensional finite
difference time domain method with realistic breast phantoms,
demonstrating accurate dielectric profile reconstruction.

Index Terms—Microwave ablation (MWA), Breast cancer
treatment, Complex permittivity imaging, Non-linear inverse
scattering, time difference of arrival (TDOA), contrast source
inversion (CSI).

I. INTRODUCTION

Microwave ablation (MWA) is a highly promising tool
achieving minimally invasive cancer treatments. Microwave-
frequency radiation exhibits a capacity to heat cells more
rapidly than lower radio-frequency radiation [1]. Numerous
studies highlight the efficacy of MWA as a safe and reliable
treatment, particularly for liver tumors [2], as well as for
other types of cancer, such as kidney and breast tumors.
Specifically for breast cancer ablation, MWA considerably
reduces the physical and mental burdens on patients by
eliminating the need for large-scale removal of breast tissue.
However, to ensure the safe and effective ablation of ma-
lignant tumors without harming healthy tissues, integrating
MWA with an appropriate imaging scheme is imperative.
Magnetic resonance imaging (MRI) [3], [4] and ultrasound-
based imaging have been developed and demonstrated as
suitable modalities [5]–[8]. While MRI offers high spatial
resolution, it typically struggles to maintain sufficient tem-
poral resolution and involves the use of large-scale and
expensive equipment. Ultrasound imaging equipment is less
expensive and more compact than MRI equipment; however,
the microbubbles caused by tissue hydration can contaminate
the contrast image [9].
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As a promising alternative, microwave-based ablation
monitoring offers numerous advantages, such as safety, rapid
measurement, and compatibility with MWA equipment. No-
tably, the dielectric properties of tissues at microwave fre-
quencies are highly sensitive to temperature and physio-
logical state [10]. This means that ablated tissues, which
become hydrated, exhibit a considerable decrease in complex
permittivity when exposed to microwave radiation [11], [12].
Leveraging these characteristics, the evolution of ablated
tissue can be quickly monitored by measuring the forward-
scattered components received by an external antenna from
an interstitial MWA source, with the temporal differences in
signals being appropriately processed. Several studies have
focused on reconstructing the dielectric profile of the ablation
zone using inverse scattering (i.e., tomography) approaches,
most of which assume relatively homogeneous media, such
as in liver cancer treatment [13]–[15]. However, these ap-
proaches are not suitable for heterogeneous media, such as
the breast, and involve high computational costs. To address
these challenges, researchers [16]–[18] have proposed a full-
wave inversion scheme based on the Born iterative approach,
which focuses on the temporal difference in scattering sig-
nals between pre-ablation and during ablation. However,
this method requires multiple transmitters and receivers in
the surrounding area, resulting in a complex and expensive
measurement configuration.

In contrast, previous studies [19], [21] have focused on
a more simplified configuration where an interstitial MWA
source acts as the transmitter, and multiple receivers are
located externally around the breast, requiring only passive
sensors to monitor the ablation zone. These approaches eval-
uate the time-difference-of-arrival (TDOA) of the forward-
scattering signal from the internal MWA probe during pre-
ablation and ablation states. This scheme is promising be-
cause it requires minimal prior knowledge, i.e., only an
estimate of the tissue’s relative permittivity in the local treat-
ment zone and its variation during ablation. Furthermore, it
relies on a much simpler signal processing scheme. Previous
studies [19] have demonstrated that this approach achieves
real-time 3-D imaging of the ablation zone with acceptable
reconstruction accuracy. However, accurate prior knowledge
of the temporal changes in the dielectric constant in the
ablation zone is required in this scheme, which is challenging
to maintain even with a temperature monitoring tool along
the MWA probe.

To address this issue, this paper introduces a TDOA prior-
based inverse scattering approach using contrast source inver-
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sion (CSI) [20] to maintain a heterogeneous dielectric profile
of the ablation zone with less complexity, assuming a single
internal source model. Notably, when assuming the single-
source model, inverse scattering approaches are predicted to
suffer from inaccuracies owing to severe ill-posed conditions
compared to the multiple-source model described in a pre-
vious study [16]. To alleviate this issue, the TDOA-based
ablation zone estimate is used to limit the region of interest
(ROI), which helps reduce the number of unknowns, thereby
easing the ill-posed condition. In the proposed scheme, the
rate of decrease of the complex permittivity in the ablation
zone is optimized by minimizing the cost function of the
CSI, where only the total fields are updated to reduce the
number of unknowns. Because the TDOA-based boundary
estimation includes some errors, even with an accurate drop
rate or average velocity, we independently optimize the drop
rates for the TDOA boundary estimation and the CSI-based
complex permittivity estimation.

The main contributions of this paper are summarized as
follows.

1) In the proposed method, we employ the dual-variable
optimization approach to provide the temporal variation
of the complex permittivity during the ablation by
integrating the TDOA-based ROI and CSI schemes. We
use one variable to estimate the complex permittivity
drop rate, and another one to determine the ablation
zone using the TDOA method; these two variables
are independently optimized to minimize the CSI cost
function.

2) This scheme is applicable to a passive observation
model, where an internal MWA probe is treated as a
single transmitter.

3) The ill-posed condition is alleviated by introducing an
ROI limitation into the CSI scheme, where only the
total fields are updated with a fixed contrast function
to prevent an local optimal solution. Additionally,
the optimal ROI is determined by minimizing the
cost function of CSI across multiple candidates using
TDOA boundary outputs.

4) The CSI based total field optimization in the proposed
scheme has the advantage over the FDTD based ap-
proach, in terms of computational complexity. where
the optimal ROI is also determined by minimizing the
cost function of CSI across multiple candidates using
TDOA boundary outputs.

Notably, the first of the above contributions is the main
difference from our previously published work [22], which
employed a single-valuable optimization and could not simul-
taneously provide an accurate estimate for both the complex
permittivity drop rate and the ablation boundary. Numerical
validation using the two-dimensional (2-D) FDTD method
with an MRI-derived realistic breast phantom demonstrates
that our proposed scheme successfully reconstructs complex
permittivity changes from the pre-ablation state with consid-
erably higher accuracy compared to the original CSI scheme.

Fig. 1: Observation model and data acquisition configuration.
Pre-ablation and during ablation states.

II. METHOD

A. Observation Model

Figure 1 illustrates the observation strategy for MWA
monitoring. Multiple receivers positioned around the external
area of the breast record the electric field from an interstitial
source while the MWA probe is inserted into the cancer
tissue. The total electric fields before and during the ablation
are denoted as eTpre(t; rT, rR) and eTdur(t; rT, rR) with time
t, respectively, where rT and rR are the locations of the
transmitter and receiver, respectively. ΩS denotes the obser-
vation area, including the receiver positions (rR). ΩD denotes
the area including a whole of breast media.

B. TDOA-based Boundary Estimation

Previous study [19] have proposed a low-complexity
boundary estimation method for the evolving ablation zone
using the TDOA values between pre-ablation and during-
ablation states. This method relies on the propagation time
from the internal transmitter to multiple receivers. It is based
on the previous investigations that the relative permittivity
of the ablation area considerably decreases owing to tissue
dehydration, resulting in an earlier time-of-arrival (TOA)
during ablation compared to pre-ablation. This occurs be-
cause lower permittivity increases the propagation speed of
electromagnetic waves. The difference in TOA, denoted as
∆τ is formulated as follows:

∆τ(rR) ≡ τpre(rR)− τdur(rR)

≃ (1−
√
ξ)τ(rR; rA), (1)

Here τ(rR; rA) is the propagation time from rT (source
location) to the receiver point rR via the ablation boundary
point rA. We assume that the locations of rT, rA, and
rR are on the same straight line. Figure 2 provides a
conceptual illustration of the TDOA-based boundary estima-
tion. The drop rate of relative permittivity is introduced as
ξ ≡ ϵ̄dur/ϵ̄pre, where ϵ̄pre and ϵ̄dur are the averaged relative
permittivities in the assumed ablation zone. By obtaining
∆τ(rR), the ablation boundary point corresponding to the
receiver location rR, denoted as rA(rR), is determined as
follows:

rA(rR) = rT +
v̄pre∆τ(rR)

1−
√
ξ

u(rR) (2)

This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAP.2025.3538218

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: UNIVERSITY OF ELECTRO COMMUNICATIONS. Downloaded on March 18,2025 at 04:19:55 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTION ANTENNA AND PROPAGATIONS, VOL. XX, NO. Y, MONTH 2022 3

Fig. 2: Conceptual figure in the TDOA based ablation zone
boundary estimation. The straight line propagation from the
source rT to the receiver rR via the ablation boundary point
rA is assumed.

where u(rR) is the unit vector pointing from rT to rR. Note
that ∆τ can be determined by identifying the peak shift in
the following cross-correlation function:

∆τ(rR) = arg max
τ

[
eTpre(t; rT, rR) ⋆ e

T
dur(t; rT, rR)

]
(τ),

(3)
where ⋆ is the cross-correlation operator, and is defined as

f(t) ⋆ g(t) ≡
∫ ∞

−∞
f∗(τ)g(t+ τ)dτ, (4)

where ∗ denotes the complex conjugate [23]. Finally, the
ablation zone Ωab(ξ) is defined as the inner region enclosed
by numerous boundary points as rA(rR). Notably, this
method requires a prior knowledge of ξ, which is related
to the temperature variations in the vicinity of the MWA
probe, but it cannot directly be obtained from microwave-
based measurements only.

C. TDOA Prior CSI

To overcome the challenges outlined in Sec. II-B, in this
study, we combine the TDOA boundary estimation with a
CSI-based quantitative reconstruction framework. CSI is a
promising non-linear inverse scattering approach because it
avoids the iterative use of the forward solver, such as the
FDTD solver, and it accelerates the optimization process of
the quantitative reconstruction in the ablation zone. However,
in the context of ablation monitoring, CSI also suffers from
ill-posedness and non-linearity. To overcome these chal-
lenges, this study introduces a TDOA-prior CSI approach,
where the ablation zone Ωab(ξ) and the temporal change in
complex permittivity are simultaneously determined through
CSI optimization. Here, the scattered field during the abla-
tion state, ES

dur(ω; rT, rR), is formulated by the following
domain integral equation (DIE) as:

ES
dur(ω; rT, rR) ≡ ET

dur(ω; rT, rR)− EI(ω; rT, rR)

= k2B

∫
ΩD

GB(ω; r, rR)W(ω; rT, r, ξ)dr.(5)

where ET
dur(ω; rT, rR) is the frequency domain expres-

sion of eTdur(t; rT, rR). kB and GB(ω; r, rR) express the
wave-number and the Green’s function of the background
medium, assuming a vacuum, respectively. W(ω; rT, r, ξ) ≡
χ(r; ξ)ET

dur(ω; rT, r) is defined as the contrast source,
where ξ ≡ (ξ1, ξ2) is the newly introduced vector param-
eter. Although both ξ1 and ξ2 are defined as the ratios
of the relative permittivity obtained from the pre-ablation
and during the ablation stages, as defined in ξ, they are
independent variables that determine the ablation boundary
and the change in complex permittivity in the following
algorithm. Using the prior estimate of the ablation boundary
as Ωab(ξ) obtained from the TDOA approach, χ(r; ξ) ≡
(ϵdur(ω; r, ξ) − ϵB(r))/ϵB(r) is introduced where ϵB(r) is
the background complex permittivity. Here, ϵdur(ω, r; ξ) is
determined as follows:

ϵdur(ω; r, ξ) ≡
{

ξ1ϵpre(ω; r) (r ∈ Ωab(ξ2))
ϵpre(ω; r) (r ∈ Ωab(ξ2)

∩
ΩD)

(6)
where ϵpre(ω; r) is the complex permittivity profile in the
pre-ablation state, ξ1 is the quantitative change in complex
permittivity in the ablation zone, and Ωab(ξ2) is the prior
ablation zone, determined by the TDOA method in Sec.
II-B, when ξ = ξ2. Ωab(ξ2) denotes the complementary set
of Ωab(ξ2). Notably, the variables ξ1 and ξ2 are treated as
independent in the subsequent optimization scheme, because
the ablation zone Ωab(ξ2) may contain errors even with an
accurate estimate of ξ1.

Thus, the proposed approach introduces a modified cost
function in the CSI, taking into account the data and state
equations as:

F (W;ω, ξ) ≡
∑

rT
∥ES

dur(ω; rT, rR)− GS[W]∥2ΩS∑
rT

∥ES
dur(ω; rT, rR)∥2ΩS

+λ

∑
rT

∥W(ω; rT, r, ξ)− χ(r, ξ)
(
EI(ω; rT, r

′) + GD[W]
)
∥2ΩD∑

rT
∥χ(r, ξ)EI(ω; rT, r′)∥2ΩD

,

(7)

where λ is the regularization coefficient, and the operators
GS and GD are defined as:

GS[W] = k2B

∫
ΩD

GB(ω; rR, r)W(ω; rT, r, ξ)dr,

(rR ∈ ΩS), (8)

GD[W] = k2B

∫
ΩD

GB(ω; r
′, r)W(ω; rT, r, ξ)dr,

(r′ ∈ ΩD), (9)

∥ ·∥2ΩS
and ∥ ·∥2ΩD

express the l2 norms calculated in ΩS and
ΩD, respectively.

Finally, the optimal ξ̂ is determined as follows:

ξ̂ = arg min
ξ

( ∑
ω∈ωall

min
W

F (W;ω, ξ)

)
(10)

Notably, when minimizing F (W;ω, ξ), only the variable
ET

dur(ω; rT, r) included in W(ω; rT, r, ξ), is updated, where
χ(r, ξ) is fixed in Eq. (7). Figure 3 shows a schematic
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Fig. 3: Schematic illustration of the proposed method in
optimizing the parameters for ablation boundary ξ2 and
dielectric property change ξ1. Red dots denote the ablation
boundary points estimated by the TDOA method.

illustration of the proposed method, where the possible
combinations of (ξ1, ξ2) are investigated to determine an
appropriate vector parameter ξ ≡ (ξ1, ξ2) as to the complex
permittivity change (ξ1) and the ablation boundary estimation
(ξ2) via minimizing the CSI cost function in Eq. (10).

D. Procedure

The processing flow of our proposed method is summa-
rized as follows:

Step 1) The scattered signals are recorded at the pre-
ablation and during ablation states, denoted as
eTpre(t; rT, rR) and eTdur(t; rT, rR), respectively.

Step 2) For a given ξ, the complex permittivity profile dur-
ing ablation, which is represented as ϵdur(ω; r, ξ),
and the ablation area Ωab(ξ2), are determined using
the TDOA scheme through Eq. (2).

Step 3) The CSI cost function is minimized with respect
to the variable W for F (W;ω, ξ) in Eq. (7), and
the optimized parameters ξ̂ are obtained.

Step 4) Using ξ̂, the complex permittivity profile
ϵdur(ω; r, ξ̂) and the ablation zone Ωab(ξ̂2) are
determined.

Figure 4 shows the processing flow of the proposed method,
representing the above process. This method has a distinct
advantage because it simultaneously and independently op-
timizes both the ablation zone boundary Ωab(ξ̂2) and the
change in dielectric properties ϵdur(ω; r, ξ̂).

Some theoretical bases that support the relevance of the
proposed method are summarized as follows.

1) The first theoretical point is supported by the DIE in
Eq. (5)), which also derives the cost function for the
CSI, in Eq. (7). If we provide the ground truth profile
of the ablation boundary and the dielectric profile, i.e.,

Fig. 4: Procedure of the proposed algorithm.

χ, W , or ET
dur(ω; rT, r), Eq. (5) is rigorously satisfied

in both areas ΩS and ΩD. Then, if we minimize the
cost function of the CSI by choosing an appropriate
ablation zone and its decrease in permittivity ξ, the
reconstruction results must be close to the ground
truth profile. This is an important theoretical basis that
also supports the relevance of the procedure for the
proposed method, i.e., searching an optimal ablation
zone (ξ1) and a temporal change of the dielectric profile
(ξ2) to minimize the CSI cost function.

2) Second, if we consider a large number of inversion
cells, including a whole part of the breast, the ill-
posed condition may lead to a local optimal solution.
Thus, the proposed scheme minimizes the cost function
by focusing on only the total fields to reduce the
number of unknowns. To achieve the above scheme,
the proposed method introduces the updating schemes
only for the parameters related to the total fields as W
and ET

dur(ω; rT, r), where their corresponding contrast
functions χ are not updated during minimization of
the cost function in the CSI. Thus, by reducing the
number of independent variables to only the total
fields, the proposed scheme is able to further alleviate
the ill-posed condition, which is also a theoretically
established point, by solving the inverse problem with
a limited number of data samples.

3) Furthermore, it is also theoretically established that
a total search approach during the optimization pro-
cess can avoid a local optimal solution. The proposed
method introduces the total search scheme by investi-
gating all the possible combinations of ξ1 and ξ2, as
described in Fig. 3.

Thus, it is expected that our proposed scheme will provide
more accurate complex permittivity reconstruction compared
to the original CSI, if the assumptions (i.e., the dielectric
profile in the ablation zone is uniformly changed and the
prior knowledge of the dielectric profile at the pre-ablation
state is completely provided) are satisfied.
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Fig. 5: The spatial profile of the real part of complex
permittivity at 1.04 GHz in the MRI-derived 2-D numerical
breast models of Class 3 and 4 at the case of ξ = 0.6. 1st
row: Pre-ablation state. 2nd row: During-ablation state. White
dots at external and internal area of breast denote the receiver
and transmitter positions, respectively. Red closed curve in
(c) and (d) denotes the boundary of the ablation zone.

III. RESULTS: NUMERICAL TEST

A. Numerical Setting

The 2D FDTD method, which is the most accurate method
employed in full-wave electromagnetic simulators, is used to
generate the scattered data in the MWA model, where the
frequency-dependent property of each tissue, which is repre-
sented as a single-pole Debye model, is implemented using
the in-house codes of the University of Wisconsin–Madison.
The evaluation uses two MRI-derived realistic numerical
phantoms of healthy women from an online database [24],
[28]: a Class-3 “heterogeneously dense” phantom (ID number
062204) and a Class-4 “very dense” phantom (ID number
012304). The frequency-dependent dielectric properties of
each breast tissue are modeled using single-pole Debye mod-
els as ϵ̄(ω) = ϵ∞ + ϵs−ϵ∞

1+jωτ0
+ σ

jωϵ0
over the frequency range

from 0.1 to 3.5 GHz, as described in [29]. The transmitted
source current generates a Gaussian-modulated pulse with a
center frequency of 2.45 GHz and a 3 dB bandwidth of 1.9
GHz. Both the cell size in the FDTD and the CSI in the
computational domain are set to 2.0 mm. Fig. 5 shows the
spatial profiles of the real part of complex permittivity at
1.04 GHz in each class for pre-ablation and during-ablation
states, where the interstitial point source is placed in the
cancerous tissue area (indicated by a white solid circle).
The 20 receivers are arranged in a circular pattern around
the external area of the breast. For this study, it is assumed
that the spatial profiles of the three Debye parameters ϵ∞,
∆ϵ, and σ are provided only for the pre-ablation state.
This assumption is not necessarily impractical because pre-
surgical MRI or CT scans can be performed, and these images

can be linked to dielectric properties using online databases
such as [32]. Additionally, we assume that the ablation
boundary has an ellipsoidal shape featuring a 2-mm-radius
cancerous tissue at the center; this is based on numerous
studies [25]–[27], which demonstrated that the ablation zone
typically forms an ellipsoidal cross-section affected by factors
such as the heterogeneity of breast tissue and the beam
pattern of the ablation probe. The Debye parameters for this
tissue are defined as (ϵ∞,∆ϵ, σ) = (58.0, 20.0, 0.8 S/m),
which are approximately 1.2 times larger than those of fibro-
glandular tissue. Furthermore, in the ablation zone, these
Debye parameters uniformly decrease, indicating that the
spatial profiles inside and outside the ablation zone are not
homogeneous. Note that, in the optimization process in the
CSI or other scheme, we focus on the single frequency
sample at 1.04 GHz in all the results.

B. Reconstruction Results in Different Classes and Drop
Rates

First, we assess the reconstruction performance across dif-
ferent classes and drop rates ξ, with three specific drop rates
set at 0.6, 0.7, and 0.8 for all Debye parameters in the ablation
zone. These drop rates correspond to temperatures of 90◦C,
93◦C, and 95◦C, as demonstrated in bovine liver ablation
experiments [10]. To compare methods, we also evaluate the
reconstruction performance of the original CSI, using the
entire breast media as the ROI. Notably, for a fair comparison,
prior knowledge of the true Debye profiles at the pre-ablation
state is also provided in the original CSI, though the impact
of ablation ξ is not included. Furthermore, in evaluating
the proposed method, two different conditions are examined.
The first condition involves calculating the total fields in the
breast media, denoted as ET

dur(ω; rT, rR), using the FDTD
method. In this case, there are no errors in estimating the
total fields when calculating the cost function F (W;ω, ξ).
The second condition involves estimating ET

dur(ω; rT, rR)
by minimizing the CSI cost function as described in Eq. (7)
in Sec. II-C. Notably, either the first or the second condition
employs the proposed scheme described in Sec. II-D, except
for generating the total field for evaluating the cost function
described in Eq. (7), i.e., in the Step 3). Figs. 6, 7, and 8
depict the reconstruction results for each class with drop rates
for both the real and imaginary parts of the complex permit-
tivity in the cases of ξ = 0.6, ξ = 0.7, and ξ = 0.8 cases,
respectively, where the original CSI method is compared with
the proposed approach under the above two conditions. In
the CSI scheme, the number of iterations for updating the
cost function is set to 500 in all cases. The results from the
original CSI scheme reveal considerable inaccuracies inside
and outside the ablation zone across all classes and ξ. Here,
in the original CSI scheme, the contrast source W , which
is used to calculate the cost function described in Eq. (7),
including GS[W] and GS[W], is initially provided by the back
propagation (BP) algorithm; W is sequentially updated using
conjugate gradient optimization scheme, which is commonly
used optimization scheme [20]. This issue primarily arises
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(a) Ground truth (b) Original CSI (c) Proposed (FDTD) (d) Proposed (CSI)

(e) Ground truth (f) Original CSI (g) Proposed (FDTD) (h) Proposed (CSI)

(i) Ground truth (j) Original CSI (k) Proposed (FDTD) (l) Proposed (CSI)

(m) Ground truth (n) Original CSI (o) Proposed (FDTD) (p) Proposed (CSI)

Fig. 6: Reconstruction differential profiles between pre- and during ablation states (ξ = 0.6). 1st and 2nd rows: Real and
Imaginary parts in Class 3, respectively. 3rd and 4th rows: Real and Imaginary parts in Class 4, respectively.

from ill-posed conditions, where the number of unknown
cells used in optimizing the total fields is assumed to be
728 and 1220 for Class 3 and Class 4, respectively, while
the number of data points is 20. Although the original CSI
method can identify the decreasing dielectric property in the
ablation zone, it tends to overestimate the properties both
inside and outside the ablation area. In contrast, the proposed
scheme provides a more accurate reconstruction of the ab-
lation boundary and the changes in dielectric properties by
simultaneously optimizing ξ1, the drop rates in the ablation
zone, and ξ2 which determines the TDOA-based ablation
boundary. This is because, in the proposed scheme, the total
fields in the breast media are only updated, while the contrast
function χ is kept fixed when minimizing the cost function
described in Eq. 7. For example, the numbers of unknowns
counted in the true ROI in Classes 3 and 4 are both 63,
whereas the original CSI requires 728 and 1,220 unknowns
in Class 3 and 4, respectively; this is because it assumes

the entire breast as ΩD, showing that the proposed approach
significantly mitigates the ill-posed condition. Notably, when
comparing results from FDTD and CSI-based total field
calculations (shown in (e,f) and (g,h)), there are only slight
differences owing to reconstruction errors inherent in the
CSI-based optimization. However, there is no considerable
degradation in the reconstruction accuracy even with CSI-
based optimization, which justifies the use of the CSI method
in optimizing the cost function of F (W;ω, ξ), instead of
using the FDTD method. This indicates that the proposed
scheme can achieve a certain level of accuracy of the total
field reconstruction by alleviating ill-posed conditions.

To provide a quantitative error analysis, we introduce two
error indices for assessing changes in dielectric properties and
ablation zone estimation. First, the root mean square error
(RMSE) for the quantitative reconstruction of the real part
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(a) Ground truth (b) Original CSI (c) Proposed (FDTD) (d) Proposed (CSI)

(e) Ground truth (f) Original CSI (g) Proposed (FDTD) (h) Proposed (CSI)

(i) Ground truth (j) Original CSI (k) Proposed (FDTD) (l) Proposed (CSI)

(m) Ground truth (n) Original CSI (o) Proposed (FDTD) (p) Proposed (CSI)

Fig. 7: Reconstruction differential profiles between pre- and during ablation states (ξ = 0.7). 1st and 2nd rows: Real and
Imaginary parts in Class 3, respectively. 3rd and 4th rows: Real and Imaginary parts in Class 4, respectively.

TABLE I: RMSE of the real part of complex permittivity at 1.04 GHz in each case.

Class 3 Class 4
Original Proposed (FDTD) Proposed (CSI) Original Proposed (FDTD) Proposed (CSI)

ξ = 0.6 10.65 1.23 2.00 6.07 2.02 2.02
ξ = 0.7 9.96 1.19 1.50 6.05 1.45 1.94
ξ = 0.8 10.88 1.16 1.50 6.28 0.98 1.61

of the complex permittivity is defined as

RMSE =

√∫
r∈ΩD

|ℜ[ϵtruedur (r)]−ℜ[ϵestdur(r)]|2dr∫
r∈ΩD

dr
, (11)

In addition, the spatial mismatch between true and recon-
struction ablation zones is defined as ErrΩab

:

ErrΩab
=

∫
r∈ΩD

|ηtrue(r)− ηest(r)|dr∫
r∈ΩD

|ηtrue(r)|dr
. (12)

Here ηtrue(r) and ηest(r) are defined as:

ηtrue(r) ≡
{

1 (r ∈ Ωtrue
ab )

0 (Otherwise)
(13)

ηest(r) ≡
{

1 (r ∈ Ω̂ab)
0 (Otherwise)

(14)

where Ωtrue
ab and Ω̂ab are the true and estimated ablation zone

areas, respectively. Tables I, II and III present the RMSEs of
the real and imaginary parts of the complex permittivity and
ErrΩab

for each method. As shown in Tables I and II, the

This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAP.2025.3538218

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: UNIVERSITY OF ELECTRO COMMUNICATIONS. Downloaded on March 18,2025 at 04:19:55 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTION ANTENNA AND PROPAGATIONS, VOL. XX, NO. Y, MONTH 2022 8

(a) Ground truth (b) Original CSI (c) Proposed (FDTD) (d) Proposed (CSI)

(e) Ground truth (f) Original CSI (g) Proposed (FDTD) (h) Proposed (CSI)

(i) Ground truth (j) Original CSI (k) Proposed (FDTD) (l) Proposed (CSI)

(m) Ground truth (n) Original CSI (o) Proposed (FDTD) (p) Proposed (CSI)

Fig. 8: Reconstruction differential profiles between pre- and during ablation states (ξ = 0.8). 1st and 2nd rows: Real and
Imaginary parts in Class 3, respectively. 3rd and 4th rows: Real and Imaginary parts in Class 4, respectively.

TABLE II: RMSE of the imaginary part of complex permittivity at 1.04 GHz in each case.

Class 3 Class 4
Original Proposed (FDTD) Proposed (CSI) Original Proposed (FDTD) Proposed (CSI)

ξ = 0.6 10.34 0.38 0.63 5.87 0.64 0.64
ξ = 0.7 10.03 0.37 0.46 5.45 0.47 0.61
ξ = 0.8 10.08 0.36 0.40 5.93 0.31 0.51

RMSE of both the real and imaginary parts in the original
CSI method are considerably larger than those obtained using
the proposed method under both conditions, when using the
FDTD and CSI for the total field calculation. Notably, since
the parameter ξ determines the same dropping rate for the
real and imaginary parts in the proposed method as defined
by ξ ≡ ϵ̄dur/ϵ̄pre, the reconstruction profiles of the real
and imaginary parts are linearly associated. Moreover, the
RMSEs for the proposed method are similar regardless of
whether using FDTD or CSI-based total field optimization,

which demonstrates the reliability of CSI for generating total
fields. Furthermore, regarding the ablation zone boundary
estimation, differences are observed between the FDTD and
CSI calculations, particularly for the Class 4 model and
higher ξ values. This discrepancy arises because the Class 4
model, which includes a higher proportion of fibro-glandular
tissues compared to Class 3, introduces non-linear effects that
can affect the accuracy of total field optimization.
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TABLE III: Estimation error of the ablation zone estimate as ErrΩab
in the proposed method in each case.

Class 3 Class 4
Proposed (FDTD) Proposed (CSI) Proposed (FDTD) Proposed (CSI)

ξ = 0.6 0.10 0.20 0.33 0.33
ξ = 0.7 0.14 0.19 0.23 0.40
ξ = 0.8 0.26 0.26 0.27 0.59
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(b) Class 4

Fig. 9: Example of scattered signals in each SNR level in Class 3 and 4 models. Black solid : SNR = ∞. Blue broken :
SNR = 30 dB. Red broken : SNR = 20 dB.

(a) SNR=30 dB, ξ = 0.6 (b) SNR=30 dB, ξ = 0.7 (c) SNR=30 dB, ξ = 0.8 (d) SNR=20 dB, ξ = 0.6 (e) SNR=20 dB, ξ = 0.7 (f) SNR=20 dB, ξ = 0.8

(g) SNR=30 dB, ξ = 0.6 (h) SNR=30 dB, ξ = 0.7 (i) SNR=30 dB, ξ = 0.8 (j) SNR=20 dB, ξ = 0.6 (k) SNR=20 dB, ξ = 0.7 (l) SNR=20 dB, ξ = 0.8

Fig. 10: Reconstruction differential profiles between pre- and during ablation states in the real part of the complex permittivity
at 1.04 GHz at each SNR level and ξ in Class 3. 1st row: Original CSI. 2nd row: Proposed method (CSI).

C. Sensitivity to Additive Noise

This section examines the sensitivity of each method to
additive white noise, focusing on quantitative reconstruction
performance. White Gaussian noise is added to each total
field eTpre(t; rT, rR) and eTdur(t; rT, rR). The signal-to-noise
ratio (SNR) is defined as the ratio of the maximum power
of the scattered signals to the power of the noise in the time
domain. We investigate two SNR scenarios: 30 and 20 dB.
In the proposed method, CSI-based total field optimizations
are applied to all results. Fig. 9 shows the examples of
the scattered signals for different SNR levels; particularly,
in the SNR = 20 dB case, the scattered signal suffers
from noise data, which are expected to affect the TDOA
and CSI reconstruction results. Figs. 10 and 11 show the
reconstruction results for the original CSI and the proposed

TABLE IV: RMSE of the real part of complex permittivity
at 1.04 GHz in Class 3 at each SNR level.

Original Proposed
30 dB 20 dB 30 dB 20 dB

ξ = 0.6 10.38 10.35 1.84 2.73
ξ = 0.7 10.68 10.21 1.60 2.05
ξ = 0.8 11.01 10.45 1.19 1.57

method at each SNR level and ξ for Class 3 and Class 4
cases.

Focusing on the results from the original CSI, considerable
differences are not observed across various SNR and ξ levels.
This is because the accuracy in the original CSI is mainly
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(a) SNR=30 dB, ξ = 0.6 (b) SNR=30 dB, ξ = 0.7 (c) SNR=30 dB, ξ = 0.8 (d) SNR=20 dB, ξ = 0.6 (e) SNR=20 dB, ξ = 0.7 (f) SNR=20 dB, ξ = 0.8

(g) SNR=30 dB, ξ = 0.6 (h) SNR=30 dB, ξ = 0.7 (i) SNR=30 dB, ξ = 0.8 (j) SNR=20 dB, ξ = 0.6 (k) SNR=20 dB, ξ = 0.7 (l) SNR=20 dB, ξ = 0.8

Fig. 11: Reconstruction differential profiles between pre- and during ablation states in the real part of the complex permittivity
at 1.04 GHz at each SNR level and ξ in Class 4. 1st row: Original CSI. 2nd row: Proposed method (CSI).

TABLE V: RMSE of the real part of complex permittivity at
1.04 GHz in Class 4 at each SNR level.

Original Proposed
30 dB 20 dB 30 dB 20 dB

ξ = 0.6 6.37 7.18 3.61 3.25
ξ = 0.7 6.12 6.42 2.32 2.24
ξ = 0.8 6.25 6.58 2.86 2.00

determined by severe ill-posed conditions not so much by
the SNR level. In contrast, while there are some differences
among SNR levels in the ablation zone and complex permit-
tivity change, it can offer accurate dielectric change profiles
and ablation zone boundaries under both SNR scenarios. The
robustness of the proposed method to noise can be attributed
to several factors. One main reason is that the TDOA scheme
employs cross-correlation processing for estimating TDOA,
as described in Eq. (3), corresponding to the matched filter,
which is an efficient noise reduction technique [30], [31].
Consequently, TDOA boundary estimation is less sensitive
to additive noise, as demonstrated in [19]. Another reason
for the proposed method’s robustness is that the CSI uses
frequency data. Focusing on the frequency samples near the
center frequency (where the magnitude are the highest), the
SNR can be improved compared with that corresponding to
frequency samples with lower magnitudes. Tables IV and V
summarize the RMSE of the reconstruction results for the real
part of the complex permittivity in Class 3 and Class 4. These
tables quantitatively demonstrate that our proposed method
is highly resilient to additive noise in terms of quantitative
reconstruction performance. Furthermore, Table VI presents
the errors in ablation boundary estimation, denoted as ErrΩab

.
Although considerable errors are observed in the case of
ξ = 0.8 owing to random noise effects and inherent boundary
estimation errors from the TDOA process, these values are

TABLE VI: Estimation error of ablation zone estimate as
ErrΩab

by the proposed method at each SNR level.

Class 3 Class 4
30 dB 20 dB 30 dB 20 dB

ξ = 0.6 0.12 0.29 0.13 0.26
ξ = 0.7 0.22 0.32 0.30 0.25
ξ = 0.8 0.21 0.57 0.77 0.26

generally below 0.3. This indicates that the relative errors in
ablation zone estimation are within 30 %.

D. Sensitivity to Prior Knowledge Error

An important assumption in the proposed method and
the original CSI is that the Debye parameter profiles in
the pre-ablation state are accurately known. Although this
assumption is generally reasonable, these profiles may con-
tain some errors when estimated from MRI or CT-based
profiles. Therefore, this section investigates the sensitivity of
the method to errors in the Debye parameters in the pre-
ablation state. To simulate this scenario, Gaussian random
noise is added to the true pre-ablation profiles for all three
Debye parameters ϵ∞, ∆ϵ, and σ. The standard deviations
for each parameter as σpre

ϵ∞ , σpre∆ϵ, and σpre
σ are defined as:

σpre
ϵ∞ = αmax

r
ϵpre∞ (r) (15)

σpre
∆ϵ = αmax

r
∆ϵpre(r) (16)

σpre
σ = αmax

r
σpre(r) (17)

where ϵpre∞ (r), ∆ϵpre(r), and σpre(r) are the true Debye
parameters in the pre-ablation state. The constant α is the
error level. We investigate two different values for α i.e.,
0.05 and 0.1, as illustrated in Figs. 12 and 13, respectively.
When comparing these results to those without errors in the
pre-ablation state, as shown in Figs. 6 (d), (h), Fig. 7 (d), (h),
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(a) Pre ablation (b) ξ = 0.6 (c) ξ = 0.7 (d) ξ = 0.8

(e) Pre ablation (f) ξ = 0.6 (g) ξ = 0.7 (h) ξ = 0.8

Fig. 12: Reconstruction differential profiles of the real part of the complex permittivity at 1.04 GHz, in the case that the
Debye parameters of pre-ablation states includes errors, in using the proposed method (CSI). Standard deviation of Gaussian
noise is 5 % (α = 0.05) of each maximum Debye parameter. 1st row: Class 3. 2nd row: Class 4.

(a) Pre ablation (b) ξ = 0.6 (c) ξ = 0.7 (d) ξ = 0.8

(e) Pre ablation (f) ξ = 0.6 (g) ξ = 0.7 (h) ξ = 0.8

Fig. 13: Reconstruction differential profiles of the real part of the complex permittivity at 1.04 GHz, in the case that the
Debye parameters of pre-ablation states includes errors, in using the proposed method (CSI). Standard deviation of Gaussian
noise is 10 % (α = 0.1) of each maximum Debye parameter. 1st row: Class 3. 2nd row: Class 4.

and Fig. 8 (d), (h), there is no considerable degradation in
accuracy, even for α = 0.1 in both classes. These findings are
reflected in the RMSE and ErrΩab

comparisons summarized
as in Tables VII and VIII. This robustness confirms that our
proposed method can effectively compensate for errors in
the pre-ablation state to a certain extent. This is achieved by
limiting the ROI using the TDOA method and minimizing
the CSI cost function based on the actual scattered signals.

E. Dependency of Selected Frequency Samples

In all the results in Sec. III-B, III-C, and III-D, the CSI
based complex permittivity estimation was conducted at the
single frequency of 1.04 GHZ, whereas the pulse modulated
transmitting signal has a wide frequency band ranging from
0.1 GHz to 3.5 GHz, as described in Sec. III-A. We expect
that the final results obtained using the proposed scheme will
significantly depend on the selected frequency samples. To
further investigate and discuss the above points, we examine
several cases using different frequency samples. Figures 14
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TABLE VII: RMSE of the real part of complex permittivity at
1.04 GHz and ErrΩab

when the pre-ablation profile includes
random errors in Class 3 using the proposed method (CSI).

RMSE of ℜ[ϵ] ErrΩab

0 % 5 % 10 % 0 % 5 % 10 %
ξ = 0.6 2.00 2.00 2.35 0.20 0.20 0.29
ξ = 0.7 1.50 2.00 2.48 0.19 0.32 0.46
ξ = 0.8 1.29 1.52 1.87 0.26 0.37 0.60

TABLE VIII: RMSE of the real part of complex permittivity
at 1.04 GHz and ErrΩab

when the pre-ablation profile in-
cludes random errors in Class 4 using the proposed method
(CSI).

RMSE ℜ[ϵ] ErrΩab

0 % 5 % 10 % 0 % 5 % 10 %
ξ = 0.6 2.02 2.30 2.12 0.33 0.11 0.28
ξ = 0.7 1.94 1.59 1.76 0.40 0.32 0.32
ξ = 0.8 1.61 2.26 2.05 0.59 0.72 0.60

and 15 show the reconstruction results of the real part of
the complex permittivity by the proposed method for the
single frequency data at 0.46 GHz, 1.50 GHz, and 1.96 GHz,
using the case of ξ = 0.6, ξ = 0.7, and ξ = 0.8 for the
Class 3 and 4 models, respectively. Table IX also summarizes
the RMSE of the real part of the complex permittivity. As
shown in these figures and tables, there are not significant
differences among the results in using different frequencies,
especially in Class 3, however, there are some degradation of
the accuracy in using the 2.0 GHz samples at Class 4 cases.
This is because the wavelength corresponding to 2.0 GHz in
the high-permittivity cancerous and fibroglandular tissues is
less than 20 mm, which does not satisfy the 1/10 wavelength
criterion of a 2.0-mm cell size used in the FDTD calculation.
Notably, the reconstruction accuracy in the proposed method
can be improved using multiple frequency data. However,
increasing the number of frequency points, in general, leads
to increased computational cost. Consequently, it is essential
to achieve a balance between accuracy and computational
efficiency when selecting single- or multifrequency samples.

F. Limitations and Further Discussions

This section describes the limitations and further discus-
sions in future work of the proposed method, considering
a practical scenario. At first, since the proposed method
requires a global optimization scheme for possible com-
binations of ξ1 and ξ2, to determine the ablation zone
boundary and its complex permittivity change independently,
it needs a relatively larger computational complexity to retain
an optimal combination as ξ̂1 and ξ̂2. In particular, the
actual computational time required in the proposed method
is approximately 4900 s in using the FDTD total field
calculation, and 637 s in using the CSI based optimization
in Class 3, while the original CSI requires 27 s, where

(a) ξ = 0.6 (b) ξ = 0.7 (c) ξ = 0.8

(d) ξ = 0.6 (e) ξ = 0.7 (f) ξ = 0.8

(g) ξ = 0.6 (h) ξ = 0.7 (i) ξ = 0.8

Fig. 14: Reconstruction differential profiles of the real part of
the complex permittivity in Class 3 when using the different
frequency samples. 1st row: Using 0.46 GHz data. 2nd row:
Using 1.50 GHz data. 3rd row: Using 1.96 GHz data.

an Intel Xeon Silver 4210 CPU, 2.20 GHz, with 1028 GB
RAM. The major part of the processing time in the proposed
method is dominated in calculating (FDTD) or optimizing
(CSI) the total field ET

dur(ω; rT, r), for all combinations
(49 combinations) of (ξ1, ξ2) with 500 iterations. Notably,
in the proposed method, the CSI based optimization is
approximately 7.7 times faster than that required in the
FDTD calculation, demonstrating that the proposed scheme,
using the CSI optimization, achieves a balance between the
accuracy and computational efficiency, as described in Sec.
III-B. However, in realistic scenario, the calculation time
in the proposed method should be reduced to provide a
quantitative image of ablation zone at the order of a minute
in updating sequence. Thus, it is our important future task
to accelerate the processing in optimizing total field, such
as by exploiting the complex permittivity profile of the pre-
ablation state, where an initial estimate of the total fields
would be more appropriately provided by using a prior
knowledge of pre-ablation state. Furthermore, by exploiting
the reconstruction results in the previous snapshot in during
the ablation, we can also narrow down the searching area
of (ξ1, ξ2) around those obtained in the previous time-slot,
which can significantly reduce the total calculation time in
the reconstruction. Although this study is currently in a
fundamental stage, it is not particularly challenging to reduce
the overall computational time using the proposed scheme.
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TABLE IX: RMSE of the real part of complex permittivity and ErrΩab
when the different frequency samples are used in

the proposed method (CSI).

RMSE of ℜ[ϵ] ErrΩab

0.46 GHz 1.04 GHz 1.50 GHz 1.96 GHz 0.46 GHz 1.04 GHz 1.50 GHz 1.96 GHz
ξ = 0.6 1.38 2.00 1.99 2.72 0.10 0.20 0.20 0.26

Class 3 ξ = 0.7 1.50 1.50 1.49 1.50 0.19 0.19 0.19 0.19
ξ = 0.8 1.78 1.29 1.29 1.29 0.37 0.26 0.26 0.26
ξ = 0.6 2.12 2.02 2.02 2.02 0.28 0.33 0.33 0.28

Class 4 ξ = 0.7 1.94 1.94 3.05 1.94 0.40 0.40 0.40 0.82
ξ = 0.8 1.61 1.61 1.84 1.61 0.59 0.59 0.59 0.65

(a) ξ = 0.6 (b) ξ = 0.7 (c) ξ = 0.8

(d) ξ = 0.6 (e) ξ = 0.7 (f) ξ = 0.8

(g) ξ = 0.6 (h) ξ = 0.7 (i) ξ = 0.8

Fig. 15: Reconstruction differential profiles of the real part of
the complex permittivity in Class 4 when using the different
frequency samples. 1st row: Using 0.46 GHz data. 2nd row:
Using 1.50 GHz data. 3rd row: Using 1.96 GHz data.

In addition, the reconstruction accuracy and the ablation
zone boundary estimation significantly depend on the ob-
servation parameters, such as the number of receivers or
the distance between the receivers and the MWA source.
In this case described in Sec. III-A, the average distances
from the transmitter to each receiver position in Classes 3
and 4 are 57.2 mm and 56.5 mm, respectively, and their
corresponding standard deviations are 11.3 mm and 6.9
mm, respectively. The number of receivers affects both the
TDOA ablation zone estimation and the CSI reconstruction
performance: That is, it determines the number of sampling
points required for TDOA boundary estimation, and if we
obtain more receivers, it could contribute more accurate

boundary estimation, and vice versa. Additionally, in the
CSI based dielectric profile reconstruction, the number of
receivers affects the data volume, mitigating or exacerbating
the ill-posed condition when optimizing the total fields to
minimize the CSI cost function. Although a large number of
receivers generally improves accuracy, there are practical lim-
itations due to the physical size of the elements constituting
the array and the complexity of the measurement modules.
The distance between the transmitter (ablation center) and
the receivers primarily affects the available SNR because as
the distance increases, the propagation loss in the air also
increases. In contrast, a short distance to the ablation probe is
beneficial for the TDOA model, which assumes straight-line
propagation without accounting for multiple scattering effects
caused by the heterogeneity of the breast tissues. However,
a short distance limits the number of receivers required
because of the limited space available for the array structure.
Considering the above, both the number of receivers and their
distance from the transmitters must be carefully selected to
optimize the reconstruction accuracy while considering the
dimensional constraints of the array structure.

Furthermore, the proposed method requires some assump-
tions to guarantee reconstruction accuracy, such as that the di-
electric profile in the ablation zone is uniformly changed and
complete prior knowledge of the dielectric profile at the pre-
ablation state is provided. If the above assumptions are not
completely satisfied, the proposed method will suffer from
some degradation in accuracy, and these factors determine
the application range of the proposed method. However, it
is expected that the proposed method can offer a significant
advantage over the original CSI scheme by providing more
accurate estimations for the ablation boundary and the change
in complex permittivity by markedly reducing the number of
unknowns. These points are also validated by the results in
Sec. III-C or III-D, e.g., the noisy case, including errors in
the prior knowledge of the pre-ablation state.

IV. CONCLUSION

This study introduces a quantitative monitoring scheme
for ablation zones by combining TDOA-based boundary
estimation with CSI-based complex permittivity reconstruc-
tion for microwave-based MWA monitoring in breast cancer
treatment. A key feature of the proposed method is its ability
to simultaneously provide accurate and real-time boundary
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estimation through TDOA imaging and to track the temporal
changes in complex permittivity profiles by solving the non-
linear inverse scattering problem with CSI. The use of TDOA
to define a limited ROI helps mitigate the ill-posed conditions
in the CSI reconstruction, allowing for more precise updates
of the total fields according to different ablation impact
scenarios. The 2-D numerical analysis using MRI-derived
realistic phantoms demonstrates that our proposed method
considerably improves reconstruction accuracy compared to
the conventional CSI scheme. Additionally, sensitivity studies
examining the effects of additive Gaussian noise and errors
in the Debye profiles from pre-ablation states show that our
method is resilient to these errors, ensuring its applicability in
realistic scenarios. Ongoing research is focused on extending
this approach to 3-D models and experimental validations.
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