
IEEE JOURNAL OF ELECTROMAGNETICS, RF, AND MICROWAVES IN MEDICINE AND BIOLOGY, VOL. 5, NO. 2, JUNE 2021 187

Noise-Robust Microwave Breast Imaging Applied to
Multi-Frequency Contrast Source Inversion

Hiroki Sato and Shouhei Kidera , Member, IEEE

Abstract—Ultra-wideband (UWB) microwave quantitative
imaging offers less-painful examination, where a significant
dielectric contrast between the malignant tumor and normal tissue
is exploited. However, there are some difficulties in providing an
accurate dielectric profile of breast media. This is because additive
noises severely contaminate scattered signals. In this study, we
apply a post-processing multi-frequency integration scheme to
contrast source inversion (CSI) data to suppress image fluctuations.
These are caused by the additive noise expected in a UWB system,
which is also applicable to other inversion schemes. To deal with the
dispersive dielectric properties in the CSI scheme, we introduce a
first-derivative model of the Debye dispersion model to compensate
for the dispersive effect. The FDTD numerical validations, using
realistic breast phantoms with dispersive properties, show that
a multi-frequency integration scheme considerably upgrades
noise-robustness in complex permittivity reconstruction tissues.

Index Terms—Microwave imaging, contrast source inversion,
multi-frequency integration, breast tumor imaging.

I. INTRODUCTION

BREAST tumor has been reported by several studies, in-
cluding the World Cancer Research Fund, as one of most

diagnosed and fatal cancers globally. In the breast tumor de-
tection, X-ray mammography has some disadvantages, such as
cell-harmful X-ray exposure or highly pressured measurement,
which causes intolerable pain to patients. While magnetic res-
onance imaging (MRI) modalities provide higher spatial res-
olution images, they require large, expensive equipment and
lengthy measurement times. Ultrasound detection has several
merits such as portability and low cost, but performs poorly when
differentiating cancer cells from fibro-glandular tissues, espe-
cially for women with dense breasts [1]. Conversely, microwave
breast tumor detection (i.e., microwave mammography) offers
benefits, such as low cost, compactness, safety, and screenings,
which are both frequent and less painful, thus enhancing the
examination rate, particularly for young women, however it is
hardly considered standard care.
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The operating principle for microwave mammography is that
there is a distinguishable dielectric contrast between normal
and malignant breast tissues [2]. Reference [3], it was demon-
strated that the dispersion property for each breast tissue is well-
modeled by a single-pole Debye model at a lower microwave
band. It is expected, though not yet clinically demonstrated, that
an accurate profile of complex permittivity would contribute
to a higher recognition rate in detecting malignant tumors.
Microwave imaging is divided into radar and tomography-based
approaches. As shown by several clinical tests [4]–[7], the
radar based confocal approach has successfully localized cancer
tissues within 10 mm [8]. However, if cancer tissues exhibit
lower a contrast of dielectric property from the surrounding
tissues, e.g., fibro-glandular, then, the radar approach would
perform poorly at discriminating cancerous tissues from other
high-contrast tissues.

As a promising alternative approach, the tomographic scheme
offers some advantages over radar-based methods, since a com-
plex permittivity map is quantitatively reconstructed via inverse
scattering analysis of the domain integral equation (DIE). The
DIE’s most critical issue is its solution to a non-linear, ill-posed
problem. In such a case, Born approximation-based approaches,
e.g., and other approaches such as diffraction tomography [9]
would not accurately reconstruct object profiles because of a
large dielectric contrast from the background media. The dis-
torted Born iterative method (DBIM), which is equivalent to
the Gauss Newton method [10]–[13], has been demonstrated
to accurately reconstruct dielectric profiles, including higher
contrast cancer with dispersive media, by iteratively updating
the background dielectric profile to avoid errors arising from
non-linearity. While this approach requires fewer iteration steps,
it requires computationally expensive solvers to update the
Green’s function and the total field within the region of interest
(ROI) at each iterative step. Some other approaches to overcome
the above difficulty have been investigated, e.g., the level set
approach [14], spatial prior [15], and deep neural network [16].

The contrast source inversion CSI method was developed by
van den Berg et al., [17] as a countermeasure to the DBIM. CSI
iteratively updates the contrast source, the total electric field,
and the object function in a sequential optimization scheme,
as in [18]. A notable feature of CSI is that it does not require
forward solvers if the Green’s function of the background media
is determined in closed form. Conversely, the numerical Green’s
function [19] or the partial differential equation (PDE)-based
approach [20] is required in the case of an inhomogeneous
background. The original CSI is based on single-frequency data,
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and its reconstruction performance worsens severely even with a
high signal-to-noise ratio (SNR) (e.g., 30 dB), which is relevant
to actual scenarios [3]. In microwave breast imaging, the signal’s
strength is considerably attenuated by the lossy-dielectric prop-
erty of biological tissues (e.g. skin and fibro-glandular). There-
fore, the noise reduction scheme is crucial in distinguishing the
attenuated signal from cancer.

This study focuses on a multi-frequency integration scheme
to enhance the noise robustness of CSI’s reconstruction perfor-
mance. Several multiple frequency integration schemes, such as
frequency hopping, have been introduced [21]. In these schemes,
the initial guess achieved by a lower frequency response is used
at a higher frequency iteration step. Reference [22] considered
multi-frequency integrated CSI, but it did not deal with fre-
quency dependent dispersive media, while a number of studies
of multi-frequency CSIs have demonstrated that this technique
is effective in producing more stable, accurate inversions [23],
[24]. Few studies have focused on the biological media in
multi-frequency CSI schemes like those of [25], in which the
frequency-dependent dielectric property should be considered in
using wideband microwave signals for breast cancer detection.

Based on the above background, this study introduces a
novel multi-frequency integration CSI algorithm suitable for
dispersive breast media. The basic idea behind the algorithm
was proposed in [26], but that study did not mention or as-
sess the noise-robustness features of multi-frequency integration
scheme, which is the distinct focus of this paper. In the proposed
method, a complex dielectric profile is reconstructed at each
frequency using conventional CSI. The frequency-dependent
parameter is then sequentially determined through weighted
least squares on the single Debye model, acceptable for the most
simple, appropriate and straightforward dispersion models of
real breast tissues [2]. Finally, the proposed algorithm uses a
post-processing scheme to integrate multiple results using the
Debye formula’s differentiation model to compensate for the
frequency dependence. A notable advantage of the proposed
method is that it considerably enhances the noise-robustness of
the reconstruction results compared with that obtained from a
single frequency-based CSI method. Our previous study [26]
did not discuss or demonstrate that this advantage is achieved
by coherently averaging the complex permittivity in a way that
considers frequency-dependent variation. In addition, since our
method is not based on a multi-frequency inversion scheme
linked to a specific dispersion model, it could be extended to
any dispersive model, drawing on the formula used to integrate
the reconstruction results, and could be applied to other inversion
schemes. The numerical tests by the two-dimensional (2-D)
FDTD analysis, using an MRI-derived realistic breast phantom,
verify that the proposed integration scheme significantly en-
hances the noise-robustness for various breast classes and across
a range of SNR levels.

II. CONTRAST SOURCE INVERSION (CSI)

A. Observation Model

Fig. 1 shows array configuration, consisting of breast object
comprising of adipose, skin, fibro-glandular, and cancerous

Fig. 1. System configuration. Breast media is included within the ROI as ΩD.
Transmitters and receivers are located in domain ΩS.

tissues with dispersive dielectric properties. Multiple transmit-
ters and receivers are arranged along the circumference of the
breast, denoted asΩS. The electro-magnetic wave is sequentially
illuminated from a transmitting antenna, and is recorded in all
receivers. rt and rr denote locations of the transmitters and
receivers, respectively. Etotal(rt, rr; f) is defined as the total
electric field at the antenna combination of rt and rr, at specific
frequency f .

B. Forward Problem

The scattered electric field in observation domain ΩS is for-
mulated by the Helmholtz type DIE as

Escat(rt, rr, f) ≡ Etotal(rt, rr, f)− Ein(rt, rr, f)

= k2b

∫
ΩD

Gb(rr, r, f)χ(r, f)E
total(rt, r, f)dr, (1)

where f denotes the frequency, ΩD denotes the ROI,
Etotal(rt, rr, f) is the total field, Ein(rt, rr, f) is the incident
field, kb denotes the background’s wavenumber, μ denotes the
permeability, and Gb(rr, r, f) denotes the Green’s function of
the background, which forms the zero-order Hankel function of
the second kind. The contrast function, namely the object func-
tion, is denoted as χ(r, f) ≡ ε(r, f)/εb(r, f)− 1. Note that,
if a background media is position independent (homogeneous)
media, its Green’s function is given by the closed form as the
zero-th order Hankel function of the second kind. As a notable
point of the CSI algorithm, the dummy variable, e.g., contrast
source is defined as w(r, f) ≡ Etotal(rt, r, f)χ(r, f). Eq. (1)
can then be reformulated as:

Escat(rt, rr, f) = k2b

∫
ΩD

Gb(rr, r, f)w(r, f)dr, (2)

The contrast source can also be expressed as:

w(r, f) = χ(r, f)Ein(rt, r
′, f)

+ χ(r, f)k2b

∫
ΩD

Gb(r
′, r, f)w(r, f)dr, r, (r ∈ ΩD), (3)

The following notations in Eqs. (2) and (3) are defined as:

GSw(rt, f) ≡ k2b

∫
ΩD

Gb(rr, r, f)w(r, f)dr, (rt ∈ ΩS), (4)

GDw(r, f) ≡ k2b

∫
ΩD

Gb(r
′, r, f)w(r, f)dr, (r ∈ ΩD). (5)
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where subscripts S and D denote the domains of ΩS and ΩD,
respectively. Eqs. (2) and (3) are called data equation and state
(or object) equation, respectively.

C. Inversion Algorithm

The original CSI algorithm solves χ(r, f) by minimizing the
following cost function: Eq. (6), shown at the bottom of this
page, where ‖ · ‖2S and ‖ · ‖2D are the l2 norms defined as the
ΩS and ΩD domains, respectively. In the minimization process
of F (χ,w), the variables w(r, f), Etotal(rt, r, f), and χ(r, f)
are sequentially updated (see detail in [17]).

III. MULTI-FREQUENCY INTEGRATION ALGORITHM

Several studies [21] have shown that multi-frequency strate-
gies, such as the frequency hopping scheme, can enhance the
reconstruction accuracy of the CSI method. Contrarily, there are
few multi-frequency CSI studies have focused on dispersive me-
dia or objects, particularly the dispersive breast tumor detection
scenarios. Specifically, the conventional CSI method [22] only
considers the frequency dependency arising from the conductiv-
ityσs denoted as: εr(f ; ε∞, σs) = ε∞ + σs

j2πfε0
, where ε∞ is the

relative complex permittivity at infinite frequency. The literature
[2] has demonstrated that the dielectric property of breast tissues
(e.g., adipose, fibro-glandular, skin and tumor) is well modeled
by the following single-pole Debye model:

εDebye(f ; ε∞,Δε, σs) = ε∞ +
Δε

1 + j2πfτ
+

σs

j2πfε0
, (7)

where Δε denotes the difference from ε∞ to the relative permit-
tivity at zero frequency, and τ is the relaxation time.

Previous studies [13] of multi-frequency integration required
a specific dielectric property model according to a specific up-
dating algorithm. To construct a method free from this limitation,
this paper introduces a post-processing-based frequency integra-
tion scheme that is essentially applicable to various frequency-
dependent models. To achieve appropriate integration using the
numerical results from single-frequency CSIs, this study initially
optimizes the Debye parameters from several single-frequency
CSI results by weighted least squares minimization as

(ε̂∞,Δε̂, σ̂s)

= argmin
(ε∞,Δε,σs)

Nf∑
i=1

ξi|εDebye(fi; ε∞,Δε, σs)− ε̃init(fi)|2. (8)

Here, ε̃init(fi) denotes CSI’s reconstruction profile using single
frequency at fi, at which the iteration steps are completed. Nf

is the number of angular frequency bins and ξi ≡ Ēscat(fi),

where Ēscat(fi) denotes the norm of the complex valued scat-
tered data of each frequency fi via the Fourier transform, at a
specific combination of rt and rr. The above weighting scheme,
not considered in [26], is equivalent to the matched filtering
approach, which is a maximally noise-robust filter.

By focusing on reconstruction at specific frequency fi, the
object function is updated by all other frequencies as:

ε̂(fi) =

∑Nf

j=1 ξj exp
(−(fi−fj)

2

2σ2
f

)
ε̃(fi; fj)

∑Nf

j=1 ξj exp
(−(fi−fj)2

2σ2
f

) , (9)

where σf denotes the correlation length for the multi-frequency
integration, and ε̃(fi; fj) is modeled using a first order approx-
imation in Taylor expansion;

ε̃(fi; fj) ≡ ε̃init(fj) +
∂εr
∂f

∣∣∣∣
f=fj

(fi − fj), (10)

where ∂εr
∂f is defined as:

∂εr
∂f

= − j2πτΔε̂

(1 + j2πfτ)2
− σ̂s

j2πf2ε0
. (11)

According to the above expansion, the proposed method inte-
grates multi-frequency CSI results for specific dispersive mod-
els appropriately. The above multi-frequency integration is ex-
pected to enhance reconstruction accuracy using the above aver-
aging effect, especially in noisy scenarios. This method is often
introduced to obtain an accurate complex permittivity profile at
each frequency under noisy conditions. The simple Debye fitting
scheme, using Eq. (8) only, could enhance noise-robustness by
the averaging effect. However, the reconstruction result ε̂(fi)
using Eq. (9) still contains the information from initial recon-
struction result ε̃init at each frequency fi, which would be more
informative than that obtained by the simple Debye model with
only three degrees of freedom. This method can be applied to
any dispersion model, such as multi-pole Debye or Cole-Cole,
by reformulating Eqs. (8) and (11), and would be effective in
other single-frequency inversion schemes.

IV. RESULTS FROM NUMERICAL SIMULATION

A. Numerical Settings

This section describes the numerical tests. Numerical data
were generated using the in-house 2-D FDTD code at the Univer-
sity of Wisconsin Madison Cross-Disciplinary Electromagnetics
Laboratory, where a single-pole Debye model, with a relaxation
time τ of 15 ps, was implemented using a frequency dependent
model. Three types of realistic numerical phantoms are intro-
duced from [27], for which the spatial profile of each Debye
parameter could be associated with the magnitudes of real MRI

F (χ,w) ≡
∑

rr∈ΩS
‖Escat(rt, rr, f)−GSw(r, f)‖2ΩS∑
rr∈ΩS

‖Escat(rt, rr, f)‖2ΩS

+

∑
r′∈ΩD

‖χ(r, f)Ein(rt, r
′, f)− w(r, f) + χ(r, f)GDw(r, f)‖2ΩD∑

r′∈ΩD
‖χ(r, f)Ein(rt, r′, f)‖2ΩD

(6)
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Fig. 2. Original profiles of complex permittivity [(a): real part and (b): imag-
inary part] of Class 3 at f = 2.01 GHz. White solid circles denote source and
observation points.

Fig. 3. Reconstruction results of the real part of complex permittivity at Class
3, using the CSI with the single frequency.

images [28]. A current forming a raised-cosine pulse modulated
sinusoidal signal, with a center frequency of 2.0 GHz and a
bandwidth of 2.1 GHz, was excited at each transmitting point.
Thirty sets of source and observation points are located in the
area surrounding the breast, and theS21 data of all combinations
are processed. The cell size of FDTD and the unknown pixel are
2 mm. White Gaussian noise is added to each recorded total and
incident electric field, as its relevance has been demonstrated
in many studies [3], [29]. Here, the SNR is defined as the ratio
of the maximum power of received signals to the average noise
power. The maximal iteration number for CSI at each frequency
is set to 30000, with no stopping condition applied.

B. Case in Class3

At first, the representative case of Class 3 (heterogeneously
dense) phantom with z = 16 mm cross-section is investigated.
Fig. 2 shows the original complex permittivity profile at 2.1 GHz
frequency in this case, including 6-mm cancer cells with (ε∞,Δε,
σs) = (20.0, 38.0, and 0.8 S/m) [12] and fibro-glandular tissues
with (ε∞, Δε, σs) = (18.0, 31.0, and 0.75 S/m) on average.
As a representative noisy scenario, SNR = 30 dB is assumed.
Figs. 3 and 4 show the reconstruction results by the original CSI
method using a single frequency. It should be noted that we only
investigated relatively low frequency data from 1.55 to 2.24 GHz
of the received signal, which has a 2.0 GHz center frequency
and 2.1 GHz bandwidth. This is because the accuracy of the

Fig. 4. Reconstruction results of the imaginary part of complex permittivity
at Class 3, using the CSI with the single frequency.

Fig. 5. Results of complex permittivity reconstruction at f = 2.01 GHz by
multi-frequency integrated CSI. (a) and (b): σf = 5Δf . (c) and (d): σf =
10Δf .

FDTD simulation should be guaranteed if the cell size (2mm)
is smaller than 1/10 of the media wavelength. This condition
is often violated for higher frequency data, particularly in can-
cer or fibrogulandular tissues with higher relative permittivity.
Complex permittivities at the lowest (1.55 GHz) and highest
(2.24 GHz) frequencies are 48.3− 13.1i and 47.6− 12.3i, re-
spectively, assuming the fibro-glandular tissue as (ε∞, Δε, σs)
= (18.0, 31.0, and 0.75 S/m) (see [2] more details). As shown
in these figures, there are notable errors in each reconstruction
due to random noise, even at relatively high SNR, and we
need to consider the appropriate integration scheme for these
results while also considering the frequency dependency. Fig. 5
shows the results of the proposed multi-frequency integrated CSI
scheme at a frequency of 2.01 GHz, at which the two different
cases of σf were tested. These results attest that our proposed
method maintains reconstruction accuracy by suppressing the
fluctuation of noise. As a quantitative criterion for error anal-
ysis, Fig. 6 shows the histogram of reconstruction errors for
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Fig. 6. Histogram of reconstruction errors at Class 3. (a) and (b): Case of
σf = 5Δf . (c) and (d): Case of σf = 10Δf . Blue and red bars denote those
of the single frequency and multi-frequency CSI, respectively.

TABLE I
CUMULATIVE PROBABILITIES FOR EACH ERROR CRITERIA

TABLE II
NRMSE IN COMPLEX PERMITTIVITY RECONSTRUCTION

both the real and imaginary parts of the complex permittivity.
Table I and II also summarize the cumulative probabilities of
reconstruction errors and normalized root mean square errors
(NRMSE) in each method, respectively. These figure and tables
quantitatively demonstrate remarkable improvement in recon-
struction accuracy, achieved by appropriately compensating for
the frequency dependency of the dispersive breast media. Note
that the selection of σf naturally affects the reconstruction
performance. A larger σf would cause an error because of the
first order approximation of Taylor expansion in Eq. (10), and
a smaller σf would result in a lack of noise-robust performance
because of a lower averaging effect. We also confirmed that
at least 5000 iterations are needed in each single frequency
CSI to obtain similar reconstruction results at convergence. Not
every per-iteration time is negligible in the 3-D model. Thus, we
should shorten the iterations by using a more rapid convergence
algorithm or introducing a suitable regularization term.

C. Cases in Different Classes

To identify the relevance of our proposed method, other
different types of classes as: Class 2 “Scattered Fibroglandula”)
and Class 4 (”Very Dense”) were used. Each Class has a different
ratio of adipose to fibroglandular tissues. The left-side column in

Fig. 7. Reconstruction results of for Re(ε) at SNR = 30 dB. (a),(c), (e), and
(g): Class2, (b), (d), (f), and (h): Class4.

TABLE III
MEDIAN VALUES OF NRMSES IN DIFFERENT SNRS

Figs. 7 and 8 show the original profiles of relative complex per-
mittivity for each class’s breast phantom at 2.01 GHz, including
6 mm size cancer tissues, with the same dielectric parameters as
in Class 3. We also tested a representative case with an SNR of 30
dB, and investigated multiple frequencies with same range and
intervals in the previous section. The middle and right columns
in Figs. 7 and 8, show the reconstruction results, using the
single frequency and multi frequency CSI (proposed method),
respectively, where σf = 5Δf and σf = 10Δf are selected.
These results demonstrate that our multi-frequency integration
scheme is more effective than the single frequency CSI scheme,
being similar to the case in Class 3. Table IV summarizes
the quantitative error analysis using the normalized root mean
square errors (NRMSE) in each class. These tables quantita-
tively demonstrate that there was significant improvement in the
reconstruction accuracy, which was achieved by appropriately
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Fig. 8. Reconstruction results of for Im(ε) at SNR = 30 dB. (a),(c), (e), and
(g): Class2, (b), (d), (f), and (h): Class4.

TABLE IV
NRMSES IN DIFFERENT CLASSES AT SNR = 30 DB

compensating for the frequency dependency of the dispersive
breast media. The above results barely confirm the dependency
of correlation length (σf ). This dependency attests to the validity
of first-order approximation in Eq. (11).

D. Statistical Error Analysis for Difference SNR Cases

A statistical error analysis was performed with Class 3. We
tested 20 different additive noise patterns at different SNR levels
at 0, 10, 20, and 30 dB. Fig. 9 shows the box plot for the NRMSEs
at each SNR level and demonstrates that the multi-frequency
scheme in both cases of σf = 5Δf and σf = 10Δf consider-
ably reduces the error divergence, especially at lower SNR levels
e.g., 0 dB or 10 dB. The lower and upper bounds of the boxes
denote the interquartile range (IQR), and the lower and upper
whisks show the ±2.7 standard deviation range. Table III also
summarizes the median values of NRMSEs in different SNRs,

Fig. 9. Box plots of NRMSEs versus SNR with 20 different noise patterns at
Class 3. (a), (c), and (e) : NRMSE of Re[ε]. (b), (d), and (f): NRMSE of Im[ε].
Red line shows the median value. The upper and lower band of the box denotes
the first and third quartile, respectively.

and shows a significant improvement, in noise-robustness when
using our proposed frequency integration scheme.

V. CONCLUSION

This study introduced a noise-robust CSI method for dis-
persive breast media in which multiple frequency results were
integrated via differentiation of the Debye formula. Numerical
simulation combined with realistic breast phantoms, using var-
ious classes and SNR levels, demonstrated that our proposed
algorithm significantly enhanced the noise-robustness, thereby
improving CSI reconstruction performance. While the proposed
method aimed to obtain more accurate reconstruction results at
each single frequency using the specific Debye model, we noted
that the recovered result ε̂(fi) at each frequency fi continues to
contain the initial reconstruction information. This means that
the whole results could be expressed as 2Nf degrees of freedom
at each cell, which the simple Debye fitting scheme would not
yield. Also, this post-processing scheme could be applicable to
other single frequency inversions. This information is particu-
larly informative in a real-world scenario. This is because the
real breast media do not always obey a priori specific dispersion
model. Notably, the proposed noise reduction scheme is based
on post-processing for several CSI results at each frequency. The
Fourier transform conversion offers a certain de-noising level at
pre-processing, by reducing the higher frequency noise compo-
nent. Accordingly, a more advanced pre-processing de-noising
approach like singular value decomposition [30] or wavelet
analysis [31], is expected to offer even more noise-robust results.
Note that a cell size in both the forward and inverse problem
is precisely the same (i.e., 2 mm), which may be viewed as
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an inverse crime situation, meaning that the inversion model
exactly represents the scattering target. Thus, an off-grid or
smaller cell in the inversion scheme can better simulate real data.
Such evaluations serve to recommend future research directions.
Although the sensitivity or specificity rates are crucial criteria
from the medical perspective, these rates are expected to depend
strongly on selected recognition or feature extraction methods.
Nevertheless, more accurate reconstruction profiles are expected
to offer higher recognition rates. Future work can effectively
explore this question.
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